






Population, Pensions, and Endogenous Economic Growth 21

Figure 4: Transition in the Benchmark Economy, Results II

at t to equal Yt = Kα
t (AtLt)

1−α. Then, output per efficient hour worked at t may be written as
Yt/Lt = K̃α

t At. Suppressing time subscripts and denoting the growth rate of some variable x by
gx, the growth rate of Y/L at all t is

gY/L = α gK̃ + g
(
K̃
)
. (47)

Hence, growth of labor productivity has two sources. First, there is the direct contribution of growth
in K̃, second there is the indirect contribution of K̃ on the growth of technological knowledge. As
population and effective labor decline, both channels contribute to the growth of labor productivity.
However, the impact of a rise in g

(
K̃
)

, i. e., the Hicks effect, is quantitatively much larger. For
instance, the model predicts average annual growth rates of labor productivity and technological
knowledge between 2000 and 2100 of 2.18% and 2.15%, respectively. Accordingly, growth in Y/L

is almost entirely due to the Hicks effect.

In the new steady state with a constant population, both the capital stock per capita K/AN and the
output per capita Y/AN (both measured in efficiency units and not illustrated) are much smaller
than the corresponding values in 1950 where we started the computation assuming a steady state
with population growth equal to 1.1%. The per-capita capital stock and output decline by 13.7%
and 4.6%, respectively. Even though a decline in the fertility rate results in substantial capital
deepening and higher output per worker,19 the effect of the decline in the work force share in the

19Furthermore, we have a positive composition effect in the labor force as the share of high-productive old-age

workers in the total labor force increases.
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total population dominates. As the share of the working-age population falls, tax revenues also
decline. In order to balance the budget, government transfers are cut, especially during the first
decades of 21st century. In 2200, government transfers are reduced by approximately 0.5% of total
consumption compared to 1950.

5.2 Endogenous versus Exogenous Growth

To highlight the role of endogenous innovation investments, we simplify the benchmark economy and
assume a production sector where q is constant at 1.8% and disregard the investment requirement
function i(q). Then, the growth rate of technological knowledge is exogenous, constant, and technical
change is costless. Indeed, these assumptions turn the production side of the economy into the one
of Solow (1956) with exogenous technical change and At = 1.018At−1.

At first sight, the transition of the variables under exogenous growth looks similar to the one in the
benchmark economy with endogenous growth. For instance, Figure 5 shows the dynamics of the
capital intensity for the benchmark economy both with endogenous and exogenous growth. When
growth is exogenous, the capital intensity increases from the present over the next 100-200 years
showing similar swings as under endogenous growth. However, form 2000 onwards the level of K̃ is
smaller under endogenous growth. The first reason for this difference can be deduced from the lower
left graph of Figure 5: from 1993 onwards the growth rate of A is higher reflecting the Hicks effect
which is absent when growth is exogenous. Then, similar to the neoclassical growth model with
exogenous technological change of Solow (1956), the capital intensity is smaller for higher growth
rates. Second, in the benchmark model not all invested resources are channeled towards capital
accumulation since innovation investments are costly.20

When growth is exogenous, a declining population affects labor productivity only through the Solow
effect in equation (47). Quantitatively, the increase in Y/L is much smaller even though K̃ rises
faster when growth is exogenous. In fact, the average annual growth rate of labor productivity
between 2000 and 2100 is only 1.87%, i. e., 14% lower than under endogenous growth.

This intuition helps to understand the differential evolution of per-capita income under endogenous
and exogenous growth. The lower right graph of Figure 5 shows that, from 2007 onwards, Y/N
grows faster under endogenous growth. Using the same steps that let to the decomposition of
equation (47) we obtain per-capita output at t as Yt/Nt = (Lt/Nt) K̃α

t At. Accordingly, at t the
growth rate of Yt/Nt is

gY/N = gL/N + gY/L, (48)

i. e. the sum of the growth rate of efficient labor per capita and the growth rate of output per unit
of efficient labor.

Both under endogenous and exogenous growth we have in the steady state that gL/N = gK̃ = 0.
Hence, in the long run gY/N = 2.38% > 1.8%. In the short and medium run, (48) suggests that the

20The upper right graph of Figure 5 reveals that the evolution of L is very similar under endogenous and exogenous

growth. Hence, the effective labor supply cannot account for the differential evolution of K̃.
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Figure 5: Transition of K̃, L, q, and the growth rate of Y/N in the Model with Endogenous and
Exogenous Growth

Hicks effect also dominates the evolution output per capita since the upper right graph of Figure 5
shows that during the transition gL/N is approximately the same under endogenous and exogenous
growth. Hence, starting in 2007, gY/N is higher under endogenous growth because of the Hicks
effect.

6 Population, Pensions, and Growth

In the previous section, we found that a decline in the population growth rate increases the growth
rate of technological knowledge. In this section, we ask whether and how the design of the pension
system affects this result. In Section 6.1 the focus is on possible growth effects. Since faster growth
is no end in itself, Section 6.2 turns to the comparison of individual welfare under different designs
of the pension scheme.

6.1 Comparative Analysis of Pension Reform Proposals

We consider the three scenarios of the pay-as-you-go pension scheme already introduced in Section 2:

1. constant replacement ratio, i. e., ζt = bt
(1−τw−τb)wt l̄t

= ζ = 50%. This is the benchmark
economy (solid line in the following figures),
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2. constant contribution rate after 2010 (broken line). More precisely, the contribution rate
adjusts until 2010 before it remains constant at the level of τb = 7.1%. We assume that this
policy change is fully anticipated by all economic agents.21

3. constant replacement ratio and later retirement at age 70, i. e., R = 51, for those agents born
in 2010 and afterwards (dotted line).

Figure 6 illustrates the dynamics of the US economy for the three pension reform scenarios under
endogenous growth. In the scenarios 1 and 3 (2), the contribution rate τb (the replacement ratio of
the pensions ζ) adjusts in order to balance the social security budget. Consequently, pensions fall
in scenario 2 as ζ is reduced from 50.0% to 23.9%. In scenario 3, agents retire at age 71 if they are
born after 2010. Therefore, the burden on the pension system declines significantly during 2055-59
when the cohorts of the 66 through 70-year old workers remain in the labor market. During this
period, the effective labor supply increases (see upper right picture of Figure 6) and the dependency
ratio falls. The social security contribution rates in the new steady states amount to 14.0%, 7.1%,
and 10.9% in the scenarios 1, 2, and 3, respectively.

In the scenarios 2 and 3, the lower social security contribution rates also increase the incentives
to supply labor as the net wage rate increases and the substitution effect dominates the income
effect. Therefore, the aggregate supply of efficient labor increases. In scenario 2, households also
accumulate higher savings for old age, while in scenario 3 households accumulate savings over a
longer working life. As a consequence, savings are also much higher in the scenarios 2 and 3. Since
both savings and the labor force increase, the net effect on the capital intensity is ambiguous. As
can be seen from the upper left picture in Figure 6, the capital intensity is higher in scenario 2 than
in the benchmark case, while it is approximately equal in the benchmark case and in the scenario
3 with the exception of the period 2055-70.

In all three scenarios, the evolution of the growth rate of technological knowledge q mimics the evo-
lution of K̃. Therefore, the long-run change in q is largest in scenario 2 that keeps the contribution
rate τb constant after 2010. As can be seen from Figure 7, qt rises from 1.80 during 1990-2000 to
2.73% in 2200.22 In both scenarios 1 and 3, qt is approximately at 2.38% in 2200. Since in 2200
the transition is almost complete we may interpret these numbers as the steady-state growth rates
of the respective scenarios. Then, the calibration exercise confirms the qualitative predictions of
Proposition 3: the effect of the demographic transition on the steady-state growth rate of the econ-
omy is larger under a constant contribution rate (scenario 2) than under a constant replacement
rate (scenario 1).

Summing up, we state as our second main result that the design of the pension system may have
large quantitative effects on the economy’s growth rate.

21Appendix 8.4.2 has the case where this reform is not anticipated.

22However, even though the growth rate increases significantly in scenario 2, it takes another 123 years until the

absolute level of the pensions overtakes the one in the benchmark case. The effect of the lower replacement ratio

dominates and lasts for many decades. For example in 2100, pensions are still 26% lower in scenario 2 than compared

to the benchmark.
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Figure 6: Transition Dynamics for Different Public Pension Reform Scenarios under Endogenous
Growth

6.2 Welfare under Endogenous and Exogenous Growth

This section addresses two questions. First, we ask how the three pension reform designs compare
in terms of welfare. Second, we want to know how the ranking of these proposals depends on
whether the growth rate is endogenous or exogenous. Our results suggest that such a ranking can
be established and that the negligence of growth rate effects of the social security system matters
for the rank order of the proposals.

To address these questions, we hypothesize that the average newborn of each generation knows her
lifetime utility associated with a life under each scenario. Equipped with this knowledge, she is able
to rank the scenarios according to the lifetime utility they deliver. Figure 8 displays this welfare
ranking for each generation born between 1960 and 2050. To provide an interpretable measure
of welfare, the vertical axis states the consumption equivalent change relative to the benchmark
economy with endogenous growth and a constant replacement rate. In other words, for all 6 scenarios
it states the percentage change of the life-time consumption profile for the average newborn that is
necessary to make her indifferent to a life in the benchmark economy.23

Obviously, the welfare effects are large and public pension reform matters. For example, consider
the generation born in the year 2050. Under endogenous growth, the compensation in consump-
tion necessary to make the average newborn indifferent between the benchmark economy and the
economy with a constant contribution rate amounts to 13.21% of total lifetime consumption, the

23Similarly, de Nardi, İmrohoroğlu, and Sargent (1999) use wealth equivalent changes.
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Figure 7: Growth Rate Effects of Different Public Pension Reform Scenarios

difference between the upper broken line and the solid horizontal line at 2050. Under exogenous
growth this compensation declines to 1.11%, the difference between the lower solid and the lower
broken curve at 2050. Of course, these huge welfare effects represent differences in the growth effects
of the individual pension reforms.

Our results with regard to the welfare effects of the public pension reform can be summarized as
follows:

1. The quantitative welfare effects of public pension reform proposals might be much larger if
growth is endogenous.

2. Endogenous productivity growth matters for the ranking of the pension reform proposals. For
instance, generations that enter the labor force between 1990-2010 support a pension reform
proposal that keeps the contribution rate τb constant after 2010 under endogenous growth,
and they reject it under exogenous growth.

3. In the case of an increase in the retirement age, the generations born in the immediate decades
following the policy change suffer. In the case of exogenous growth, welfare decreases for those
born during the next 25 years. In the case of endogenous growth, all future generations suffer
until the year 2354.

4. To keep the burden of the pension system low, a freezing of the social security contribution
rate is preferable to an increase in the retirement age. Indeed, when growth is endogenous all
generations born after 1993 prefer scenario 2 where the contribution rate is constant.
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Figure 8: Welfare of Newborn Generations – Consumption Equivalent Change

As a caveat, let us mention that we do not interpret these results as being based on a comprehensive
welfare analysis of public pension reforms. Clearly, our analysis neglects features like public debt
and a pension system where benefits are tied to previous contributions. Our point, however, is more
subtle. In fact, our results suggest that quantitative welfare results may depend on the assumption
of endogenous or exogenous growth. Therefore, welfare results concerning public pension reforms
that appear, e. g., in Huang, İmrohoroğlu, and Sargent (1997) or de Nardi, İmrohoroğlu, and Sargent
(1999) under exogenous growth may not be robust.

7 Concluding Remarks

In an economy where the production technology is endogenous, the investment decisions of firms
are guided by profit incentives. The evolution of the labor force, taken as exogenous by firms, is
then an important determinant of aggregate investment and growth. Moreover, a declining labor
force also affects an economy’s ability to save and invest. The purpose of the present paper is to
study the interdependency of these aspects in a dynamic general equilibrium model and to assess
quantitatively the resulting effects on economic growth, pensions, and welfare for the US economy.

We find that, as a consequence of the demographic transition, the US growth rates increases from
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1.8% during 1990-2000 to 2.28% (2.55%) in 2100 if the pension replacement ratio (contribution
rate) is kept at its current level. In addition, welfare increases for all generations born after 1993 if
the government keeps the pension contribution rate constant at the current level while pensions are
allowed to decrease. At the conceptual level, our results suggest that allowing for TFP growth to
be endogenous affects both the positive and the normative implications of large-scale OLG models
employed to study policy reform proposals of the social security system.

Our findings suggests several promising routes for future research:

1. In our analytical framework technical change must be labor-saving at the level of intermediate-
good firms. In a next step, one would want to fully endogenize the direction of technical
change, e. g., in the spirit of Acemoglu (2003). While the literature on capital versus labor-
saving technical change may be interpreted as providing a reason for the technology to be more
labor than capital augmenting, both forms of technical progress occur along the transition
towards a steady state and affect the economy’s growth rate.

2. On the household side, we assume a constant labor force participation rate. However, over
the last three decades, this rate has increased in the US from 58.9% in 1966 to 67.1% in 1998.
Since 1998, it has declined to 66.0% in 2005 basically due to cyclical effects (see, McEwen,
Orrenius, and Wynne (2005)). Intuitively, the labor force participation rate is likely to depend
on the demographic transition and the design of the public pension system. While a rising
participation rate reduces the relative scarcity of labor it is likely to increase aggregate savings
and capital accumulation through a rise in the economy’s wage incomes. The net effect on
investment incentives is hitherto undetermined.

3. The level of technological knowledge used in an economy is the result of innovation investments
made throughout the world. Recently, Jones (2002) documented the relevance of this channel
for the evolution of the US economy during the period from 1950 to 1993. However, to
incorporate this link one needs to know the appropriate diffusion process. In light of the
general formulation of such a process given in Benhabib and Spiegel (2005), our specification
of the evolution of technological knowledge (see equation (16)) is the one of the world’s single
technological leader. Clearly, more work needs to be done to quantify the relevant parameters
of a richer diffusion process that applies to the US economy.

4. Globalization and market liberalization in many emerging countries, notably China and India,
account for a rising global labor force. As a matter of fact, population ageing is already a
predominant phenomenon in many of these countries including China, Japan, and Europe. In
an open economy, these developments are likely to affect wages and interest rates in a way
that may mitigate the effects emphasized in our paper. However, Krüger and Ludwig (2007)
find that the decline in the labor force in Europe and Japan implies a small increase of US
relative factor prices. With the Hicks effect in their framework such a small increase is likely
to raise the growth rate of the US economy. We leave the quantitative assessment of this effect
for future research.
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8 Appendix

8.1 Details on the Data for Figure 1

Figure 1 replicates and extends Figure 1 in Romer (1987). Accordingly, for the period 1899-1979
we use the same data as described in footnote 23, p. 182, of Romer’s paper. For the period 1979-
1999, we use the same data sources that Romer uses for the time span 1949-1979. Hence, data
on man-hours for 1979-1999 is taken from Department of Labor, Bureau of Labor Statistics, Table
B-47: Hours and Earnings in Private Nonagricultural Industries. The output measure is Gross
Private Domestic Product 1979-1999 as provided by the Department of Commerce. Labor Force
corresponds to the Total Civilian Labor Force as reported by the Department of Labor, Bureau
of Statistics, Table B-12: Labor Force, Employment and Unemployment and Table B-35: Civilian
Population and Labor Force. Growth of output per man-hour is equal to the growth of output
minus the growth in the labor force plus the growth in the rate of employment and minus growth
in average hours worked.

8.2 Proofs

8.2.1 Proof of Lemma 1

Consider equations (6), (7), (14) and (15) hold. Upon combining the latter two, we obtain

pt = [(1 + qt) iq(qt) + i(qt)] (1 + rt) (49)

Acknowledging the dependency of pt and rt on K̃t through (6) and (7) in (49) gives

(1− α)K̃t

(1− δ)K̃1−α
t + α

= (1 + q̂t) iq(q̂t) + i(q̂t). (50)

Let LHS(K̃t) and RHS(q̂t) denote the left and the right-hand side of (50). One readily verifies
that LHS(K̃t) satisfies

LHS(0) = 0, lim
K̃t→∞

LHS(K̃t) =
K̃α
t

1− δ
=∞, and LHS′(K̃t) > 0 for all K̃t > 0. (51)

Similarly, in view of the specification of the input requirement function i of (10) we find for RHS(q̂t)
the properties

RHS(0) = 0, lim
q̂t→∞

RHS(q̂t) =∞, and RHS′(q̂t) > 0 for all q̂t > 0. (52)

Hence, for each value K̃t ≥ 0 there is exactly one corresponding value q̂t that satisfies (50). Moreover,
the function g must have the indicated properties. �
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8.2.2 Proof of Theorem 1

We prove each statement of the theorem separately starting with Statement 1. Recall that δ = 1,
v0 = 1, and v = 2 such that i(q) = q2.

1. Implicit differentiation of (35) gives[
ξ1 αK̃

α−1
t

(
1 +

i(g(K̃t))
K̃t

−
iq(g(K̃t))gK̃(K̃t)

1− α

)]
dK̃t = Z(K̃t+1)dK̃t+1. (53)

Here,

Z(K̃t+1) ≡ gK̃
[
ξ2 K̃t+1 + ξ3 i

]
+ (1 + g)

[
ξ2 + ξ3 iq gK̃

]
, (54)

and the arguments of i is g and the one of g is K̃t+1. The properties of the function i and the
fact that (50) with δ = 1 implies

dq̂t

dK̃t

=
1−α
α

2iq(g(K̃t)) + (1 + g(K̃t))iqq(g(K̃t))
≡ gK̃(K̃t) > 0 (55)

for all K̃t > 0 leads to the conclusion that Z(K̃t+1) > 0. Hence,

dK̃t+1

dK̃t

=
ξ1 αK̃

α−1
t

(
1 + i(g(K̃t))

K̃t
− iq(g(K̃t))gK̃(K̃t)

1−α

)
Z(K̃t+1)

≡ φ′(K̃t) (56)

exists. To prove that φ′(K̃t) > 0, we have to make sure that the numerator of (56) is greater
than zero for all K̃t > 0. Before doing this it is useful to prove the following claim.

Claim 1 Consider gK̃(K̃) of (55) and the investment requirement function (10) with v0 = 1
and v = 2. Then

lim
K̃→0

gK̃(K̃) =
(

1− α
2α

)
. (57)

Proof If K̃ > 0, equation (55) implies that

gK̃(K̃) =
(

1− α
2α

)(
1

2g(K̃) + (1 + g(K̃))

)
. (58)

Since i(0) = iq(0) = 0, (50) implies that limK̃→0 g(K̃) = 0. Hence,

lim
K̃→0

gK̃(K̃) =
(

1− α
2α

)
lim
K̃→0

1
2g(K̃) + (1 + g(K̃))

=
1− α
2α

. (59)

�
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The numerator of (56) is greater than zero for all K̃t > 0 if

1 +
i

K̃t

−
(

1
2α

)
iq

2iq + (1 + g)iqq
> 0, (60)

where the argument of i is g and the argument of g is K̃t. The fraction i/K̃t is increasing in K̃
since iq gK̃ K̃−i > 0. To see this, consider (55) and (50) to conclude that (1+g)

[
(iq)

2 − i iqq
]
>

i iq holds for the investment requirement function specified in (10). Finally, using l’Hôpital’s
rule and Claim 1,

lim
K̃→0

i(g(K̃t))
K̃t

= lim
K̃→0

iq(g(K̃t) gK̃(K̃t) = 0. (61)

Hence, a lower bound on the left-hand side (60) is

1−
(

1
α

)(
g

1 + 3g

)
(62)

which can be shown to be strictly positive for all α > 1/3 as stated in the theorem.

�

2. The steady state is determined by (35) for K̃∗ = K̃t = K̃t+1. We show that the right-hand
side, RHS(K̃), and the left-hand side, LHS(K̃), of (35) intersect on K̃ > 0 at leaste once.
First, consider

RHS(K̃) ≡
(

1 + g(K̃)
) [
ξ2 K̃ + ξ3 i(g(K̃))

]
. (63)

This function is bounded from below, i. e., RHS(K̃) > ξ2 K̃ for all K̃ > 0. From the proof of
Claim 1, we also have RHS(0) = 0. Moreover,

RHS′(K̃) = gK̃(K̃)
[
ξ2 K̃ + ξ3 i(g(K̃))

]
+
(

1 + g(K̃)
) [
ξ2 + ξ3 iq(g(K̃))gK̃(K̃)

]
> 0,(64)

and

lim
K̃→0

RHS′(K̃) = lim
K̃→0

{
gK̃(K̃)

[
ξ2 K̃ + ξ3 i(g(K̃))

]
+
(

1 + g(K̃)
) [
ξ2 + ξ3 iq(g(K̃))gK̃(K̃)

]}
= ξ2 (65)

since limK̃→0 gK̃(K̃) is positive and finite.

Next, consider the function

LHS(K̃) ≡ ξ1 K̃
α

(
1− α

1− α
i(g(K̃))
K̃

)
. (66)
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This function is bounded from above, i. e., ξ1 K̃
α > LHS(K̃) for all K̃ > 0 and satisfies

limK̃→0 LHS(0) = 0. To verify the latter we note that

lim
K̃→0

LHS(K̃) = ξ1 lim
K̃→0

K̃α − α ξ1

1− α
lim
K̃→0

i
(
g(K̃)

)
K̃1−α

= 0− α ξ1

(1− α)2
lim
K̃→0

iq gK̃
K̃−α

=
α ξ1

(1− α)2
lim
K̃→0

iq gK̃ K̃
α = 0, (67)

where the second step uses l’Hôpital’s rule and the last step applies arguments of the proof of
Claim 1.

Since α > 1/3, the term in brackets on the left-hand side of (53) is strictly positive for K̃ > 0.
Therefore, LHS′(K̃) > 0. Moreover, we have

lim
K̃→0

LHS′(K̃) = lim
K̃→0

[
ξ1 αK̃

α−1

(
1 +

i(g(K̃))
K̃

−
iq(g(K̃))gK̃(K̃)

1− α

)]
(68)

= ξ1 α

[
lim
K̃→0

1
K̃1−α

+ lim
K̃→0

(
(1− α)i− iq gK̃ K̃

(1− α)K̃2−α

)]
. (69)

The first limit is plus infinity whereas l’Hôpital’s rule applied to the second limit gives

−1
(1− α)(2− α)

[
lim
K̃→0

(
α iq gK̃
K̃1−α

)
+ lim
K̃→0

(
iqq (gK̃)2 K̃

K̃1−α

)
+ lim
K̃→0

(
iq gK̃K̃ K̃

K̃1−α

)]
. (70)

To study the last two terms of (70) we use (50) to derive

gK̃K̃ = −g2
K̃

(
3iqq + (1 + g)iqqq
2iq + (1 + g)iqq

)
. (71)

Using the latter and v = 2, these two terms become

lim
K̃→0

(gK̃)2 K̃α

[
(1 + g)(iqq)2 − iqq iq − (1 + g)iq iqqq

2iq + (1 + g)iqq

]

= lim
K̃→0

(gK̃)2 K̃α

[
4(1 + g)− 4g
4 g + 2(1 + g)

]

= lim
K̃→0

(gK̃)2 K̃α

[
2

1 + 3 g

]
. (72)

From Claim 1 we know that limK̃→0 gK̃ = (1− α)/(2α). Hence, the limit in (72) is zero.

Turning to the first term in (70), we have

lim
K̃→0

(
α iq gK̃
K̃1−α

)
= (1− α) lim

K̃→0

(
1

K̃1−α

)(
v gv−1

2v gv−1 + (1 + g)v(v − 1) gv−2

)
. (73)
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Evaluated at v = 2 and using l’Hôpital’s rule gives

(1− α) lim
K̃→0

(
g

K̃1−α(1 + 3g)

)

= (1− α) lim
K̃→0

(
gK̃

3gK̃ K̃
1−α + (1 + 3g)(1− α)K̃−α

)

= (1− α) lim
K̃→0

(
K̃α gK̃

3gK̃ K̃ + (1 + 3g)(1− α)

)

= 0. (74)

Hence, the expression (70) vanishes in the limit such that

lim
K̃→0

LHS′(K̃) = ξ1 α

[
lim
K̃→0

1
K̃1−α

]
=∞. (75)

Since ξ2 is finite, the comparison of (65) to (75) leads to the conclusion that LHS(K̃) >
RHS(K̃) for K̃ arbitrary close to K̃ = 0. In addition, the fact that RHS(K̃) > ξ2 K̃

and ξ1 K̃
α > LHS(K̃) for all K̃ > 0 implies that there is at least one steady state K̃∗ ∈(

0, (ξ1/ξ2)(1/(1−α))
)

that satisfies LHS′(K̃∗) < RHS(K̃∗). Then, at K̃∗ we have φ′(K̃∗) =

LHS′(K̃∗)/RHS(K̃∗) < 1 and the steady state is locally stable. �

3. Consider equation (35) at K̃t = K̃t+1 = K̃∗ and define the left-hand side of this equation
as LHS

(
K̃∗, ξ1

)
and its right-hand side as RHS

(
K̃∗, ξ2, ξ3

)
. Taking the differential with

respect to dK̃∗ and dξ1 gives

dK̃∗

dξ1
=

−LHSξ1
(
K̃∗, ξ1

)
LHSK̃∗

(
K̃∗, ξ1

)
−RHSK̃∗

(
K̃∗, ξ2, ξ3

) > 0. (76)

The sign follows since LHSξ1 > 0 and local stability implies LHSK̃∗ < RHSK̃∗ .

Then, the negative relationship between K̃∗ and λ obtains from the fact that ∂ξ1/∂λ < 0 such
that

dK̃∗

dλ
=
dK̃∗

dξ1

∂ξ1

∂λ
< 0. (77)

Turning to the relationship between K̃∗ and τb we need to take into account that ξ1, ξ2, and
ξ3 depend on τb. Total differentiation of (35) with respect to K̃∗ and τb delivers

dK̃∗

dτb
=
−LHSξ1

(
K̃∗, ξ1

)
∂ξ1
∂τb

+RHSξ2

(
K̃∗, ξ2, ξ3

)
∂ξ2
∂τb

+RHSξ3

(
K̃∗, ξ2, ξ3

)
∂ξ3
∂τb

LHSK̃∗

(
K̃∗, ξ1

)
−RHSK̃∗

(
K̃∗, ξ2, ξ3

) . (78)
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Again, due to local stability the denominator is negative. The first term of the numerator is
positive since ∂ξ1/∂τb < 0. The sum of the second and third term is also positive. To see this,
observe that

RHSξ2
∂ξ2

∂τb
+RHSξ3

∂ξ3

∂τb
=

1 + g(K̃∗)
1 + β

[
1− α
α

K̃∗ − i
(
g(K̃∗)

)]
(79)

=
1 + g(K̃∗)

1 + β

1− α
α

K̃∗

1− α

1− α

i
(
g(K̃∗)

)
K̃∗


From the proof of Statement 2, the term in brackets is positive. Hence, it follows that
dK̃∗/dτb < 0. �

8.2.3 Proof of Proposition 1

From Lemma 1 and Theorem 1, we have

dq∗

dλ

∣∣∣∣
τb=const.

= gK̃(K̃∗ (λ, τb))
∂ ˜K∗ (λ, τb)

∂λ
< 0. (80)

�

8.2.4 Proof of Proposition 2

Under a constant replacement rate we have q∗ = g(K̃∗ (λ, τ̂b (λ, ζ))). Hence,

dq∗

dλ

∣∣∣∣
ζ=const.

= gK̃

(
K̃∗
)[∂K̃∗

∂λ
+
∂K̃∗

∂τ̂b

∂τ̂b (λ, ζ)
∂λ

]
, (81)

where the argument of K̃∗ is (λ, τ̂b (λ, ζ)). To proof the proposition, we show that the term in
brackets of (81) is negative for all admissible parameter values.

Define ξ̂i ≡ ξi|τb=τ̂b(λ,ζ), i = 1, 2, 3. Using (77) and (78) we find that dK̃∗/dλ < 0 holds if and only
if

−LHSξ̂1
∂ξ̂1

∂λ
+

(
−LHSξ̂1

∂ξ̂1

∂τ̂b
+RHSξ̂2

∂ξ̂2

∂τ̂b
+RHSξ̂3

∂ξ̂3

∂τ̂b

)
∂τ̂b
∂λ

> 0, (82)

where the argument of LHS is
(
K̃∗, ξ̂1

)
, the one of RHS is

(
K̃∗, ξ̂2, ξ̂3

)
, and the one of K̃∗ is

(λ, τ̂b (λ, ζ)). From the definitions of ξ̂i, i = 1, 2, 3 and the fact that the derivatives are evaluated at
the steady state, we derive that (82) can be written as

ξ̂2K̃
∗ + ξ̂3i

1 + λ
+

(
ξ̂2K̃

∗ + ξ̂3i

1− τ̂b
+ K̃∗

1− α
α(1 + β)

− i

1 + β

)
∂τ̂b
∂λ

> 0. (83)
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Using (41) to substitute for τ̂b, condition (83) becomes

ξ̂2K̃
∗ + ξ̂3i

1 + λ

(
1− ζ

ζ + 1 + λ

)
+
(
K̃∗

1− α
α(1 + β)

− i

1 + β

)
−ζ

(ζ + 1 + λ)2 > 0. (84)

With ξ̂i, i = 1, 2, 3, one readily verifies that inequality (84) holds for all admissible parameter values.
Hence, the term in brackets of (81) is negative. With Lemma 1 the proposition follows. �

8.2.5 Proof of Proposition 3

Under a constant replacement rate where q∗ = g(K̃∗) = g(K̃∗ (λ, τ̂b (λ, ζ))), we have

dq∗

dλ

∣∣∣∣
ζ=const.

= gK̃(K̃∗)

[
∂K̃∗ (λ, τ̂b (λ, ζ))

∂λ
+
∂K̃∗ (λ, τ̂b (λ, ζ))
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∂τ̂b (λ, ζ)
∂λ

]
(85)

= gK̃(K̃∗)
∂K̃∗ (λ, τ̂b (λ, ζ))

∂λ
+ gK̃(K̃∗)

∂K̃∗ (λ, τ̂b (λ, ζ))
∂τ̂b

∂τ̂b (λ, ζ)
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(86)

=
dq∗

dλ

∣∣∣∣
τb=const.

+ gK̃(K̃∗)
∂K̃∗ (λ, τ̂b (λ, ζ))

∂τ̂b

∂τ̂b (λ, ζ)
∂λ

, (87)

where the last step makes use of Proposition 1 and the fact that τb = τ̂b (λ, ζ). Since the last term
in (87) is positive the proposition is proved. �

8.3 Computation Details

As mentioned in the main text, we assume that the transition is complete in the year 2400. Figure 9
presents the complete transition from 1950 to 2400 for the capital intensity, K̃t, and the endogenous
growth rate, qt. These time paths suggest that the economy is in its new steady state from 2200
onwards.

8.4 Sensitivity Analysis

8.4.1 Investment Requirement Function

The critical parameter in our analysis is the elasticity of the growth rate of productivity, q, with
respect to innovation investment, i. Since i = v0 q

v, this elasticity is equal to 1/v. From our regres-
sion of the log of the GDP per capita growth rate on the log of the R&D investment expenditure
divided by GDP we estimated a value equal to v = 1.14. The closer the value v is to one, the higher
will be the quantitative effect of population ageing on the growth rate.

In this section, we analyze the sensitivity of the growth rate effect of population aging on the choice
of v. In particular, we determine an estimate for the lower bound of the quantitative growth rate.
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Figure 9: Complete Transition in the Benchmark Economy

We choose v = 1.14 + σv = 1.49, where σv is the standard deviation of v derived from the above
empirical regression analysis for the US economy during 1973-2000.24 The parameter v0 = 4.385
is chosen so that the average growth rate during 1990-2000 is equal to 1.80% as in the benchmark
economy. In this case, the share of expenditure on research and development relative to GDP falls
to 0.71% and is in less accordance with empirical numbers than for the case with v = 1.14.

Figure 10 presents our results. For v = 1.49 (v = 1.14), the growth rate rises from 1.8% during
1990-2000 to 2.11% (2.38%) in 2200. The relative increase of the growth rate remains substantial,
however, it is certainly smaller than the one computed for the benchmark case.

8.4.2 Perfect Foresight versus Unexpected Policy Changes

In Section 6, we analyze the pension reform that switches from a constant replacement ratio of
pensions relative to net average wages (ζt = 0.5 for t ≤ 2010), to a constant contribution rate
(τb,t = τb,2010 for t > 2010) in the year 2010. In our computations, we assume that the change in
the pension policy is fully anticipated. In this Appendix, we study the alternative scenario where
the households do not learn about this policy change until the end of the year 2010.

In Figures 11 and 12, the transition dynamics of the aggregate supply of efficient labor, L, and

24In our regression, we estimate 1̂
v

= 0.953 with a standard deviation equal to 0.218. In order to derive the mean

and the standard deviation of our estimate for v, we generate 1 million normally distributed random variables xi with

a standard deviation equal to 0.218, compute the values vi = 1/(0.953 + xi) and the associated sample mean and

standard deviation. Basically the same value results from a computation that employs bootstrapping methods.
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Figure 10: The Growth Rate q in the Benchmark Economy for v = 1.14 and v = 1.49

the capital intensity, K̃, are illustrated for the benchmark case (with constant replacement ratio
ζt = 0.5 for all t), and for the two cases of an unexpected and an expected policy change involving
a constant contribution rate for t > 2010. If the policy change is unexpected, the time paths of
the two variables coincide with the one of the benchmark case until the year 2010. Afterwards, L
decreases temporarily (the dotted line falls below the solid line until 2020), even though only to a
very small extent. Households increase their relative labor supply in old age at the expense of their
labor supply in young age because, in comparison to the benchmark case, the contribution rates τb,t
in old age are much lower so that the net wages are higher. As the substitution effect is stronger
than the income effect, labor supply in the later years of their working life increases.

In addition, households learn in 2010 that their pensions will be lower than expected. As a con-
sequence, they increase savings, especially in old age. Compared to the case with perfect foresight
(broken line), the capital intensity K̃ is always lower. As the growth rate, qt, is a monotone function
of the capital intensity, growth is also higher in the case of an expected policy change. In 2037, the
two transition paths display the maximum difference between the two growth rates amounting to
0.14 percentage points (not illustrated). Clearly, the unexpected change in policy results in a short
and medium-run decline of the compounded growth rate.

8.4.3 Sensitivity with Respect to the Discount Factor β

Figures 13 and 14 display the transition dynamics for a lower discount factor β = 0.99. For
this choice of the discount factor, the real interest rates are much higher than for our benchmark
calibration and increase to values between 9.4%-11.1% during 1950-2100. Apart from this, all
our qualitative results hold. In particular, the growth rate of productivity q increases from 1.8%
during 1990-2000 to 2.20% in 2100 and even 2.27% in the long run. All remaining qualitative and
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Figure 11: Effects of Policy Announcement on Aggregate Effective Labor

quantitative results concerning the pension reform under endogenous and exogenous growth are
available upon request from the authors.
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Figure 12: Effects of Policy Announcement on the Capital Intensity

Figure 13: Transition in the Economy with β = 0.99, Results I
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Figure 14: Transition in the Economy with β = 0.99, Results II
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