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Figure 8: Switch rates within (Panel a) and across periods (Panels b and c). Blue (red) indicates
1P periods (2P periods).
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Figure 10: Payoffs by treatment, action and population tendency plotted at each second.

The main conclusions on individual behavior may be summarized as follows.

Result 6 Individual player behavior is inconsistent with symmetric stationary mixing. Switch-

ing becomes less common in later periods periods, and eventually a majority of players spe-

cialize in Dove or (more commonly) Hawk.

Underlying evolutionary dynamics, as we saw earlier, is the principle that players tend to

switch to the higher payoff strategy over time. But there is a countervailing force, at least

in treatment 2P—human players may play H even when it has a lower payoff in order to

hinder the other population and perhaps help their own. In retrospect, some evidence for

this “vendetta hypothesis” can be found in Figure 4: the initial rise in H play is steepest

and highest in later 2P periods.

Figure 9 shows when players actually employ the higher payoff strategy. Perhaps surprisingly,

it shows that only about 60% of players do so in 1P after the first few seconds, and that

there are no apparent trends within or across periods. In 2P, the best response rate also

begins around 50% (as it must, due to random initialization), but it trends upward both
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within period and across periods, and eventually reaches about 80%.

Figure 10 helps resolve the puzzle. It shows that in 1P the two strategies give essentially the

same payoff after the first few seconds, so there is hardly any advantage to best responding.

In 2P, however, the Hawkish population has a clear incentive to best respond, and it increases

over time. This surely helps explain the increase in Hawkish play in this population. The

advantage to playing Dove in the Dovish population is smaller and apparently trendless.

This provides a self-interest explanation of why we see stronger convergence in the Hawk

population than Dove population.

To summarize,

Result 7 In the one-population treatment, players on average are nearly indifferent between

actions and the best response rate is static and not large. In the two-population treatment,

the incentive to best respond, and the rates of best response, increase on average within and

across periods, particularly in the Hawkish populations.

5 Discussion

Evolutionary game theory, like competitive equilibrium theory, predicts outcomes that are

the “result of human action but not ... human design” (Ferguson, 1767). However, due

to conceptual and technical difficulties, there have been few laboratory tests to date of the

distinctive predictions of evolutionary game theory.

In this paper we introduce new laboratory techniques for playing population games in con-

tinuous time, and we obtain some striking results. In the one-population treatment, the

evolutionary game prediction—that the fraction of Hawk play will approximate the sym-

metric mixed NE value of 2/3— turns out to be very accurate after the first few seconds

of our two minute periods. In the two-population treatment, the overall rate of Hawk play

is substantially lower, though not quite as low as predicted. More importantly, we indeed

get divergent rates of Hawk play across the two populations, and the rates move towards

the predicted extremes of the asymmetric pure NE. Moreover, we find that initial conditions

(especially as proxied by final behavior in the previous period, but also by current random

initialization) help predict which of the two pure NE is selected. The differential inclusion
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specification helps identify when initializations will have greatest predictive power.

The experiment also sheds some light on issues neglected by evolutionary game theory. The

underlying individual behavior shows an increasing degree of specialization among strategi-

cally identical players, especially in the two-population treatment and among Hawks. The

dynamics seem to be driven, at least in part, by an interplay between the best response rates

and incentives to best respond. In the one-population treatment, the payoffs quickly equalize

between the two strategies and there is little incentive to best respond. By contrast, in the

two-population treatment, the incentive to best respond increases as the state gets closer to

an asymmetric pure NE, and the state gets closer to that NE as more players respond to the

incentive.

An intriguing aspect of our experiment is that, even in later two-population periods, players

don’t immediately jump to where they left off in the previous period. Instead, they seem

at first to engage in vendettas, as witnessed by the highest overall rates of Hawk play.

Nevertheless, the asymmetry of Hawk play increases steadily throughout the period, and in

the long run (of 120 seconds!) the “rationality” of pure NE prevails, despite its extreme

inequity. Are there treatments that prolong the vendetta epoch? Smaller populations,

perhaps, or devices that evoke an Us vs Them mentality? Can the two populations then

work out a mutual accommodation, e.g., by alternating the two pure NE within or across

periods? Will vendettas would disappear altogether in larger populations? These questions

seem ripe for future research.
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Appendix A: Mathematical Details

Sign preserving dynamics as differential inclusions

A differential inclusion on our state space is defined by a correspondence V : [0, 1]2 ⇒ �2,

s = (s1, s2) �→ V (s) ⊂ �2. A solution to (or trajectory of) the differential inclusion V from

a given initial condition so = (s1o, s2o) is a continuous map T : [0,∞) → [0, 1]2, t �→ s(t) =

(s1(t), s2(t)) such that s(0) = so and, except perhaps for t in a measure zero subset of [0,∞),

the tangent vector ṡ(t) exists and satisfies ṡ(t) ∈ V (s(t)).

For sign preserving dynamics, the set V (s) of allowable tangent vectors is (most of) the

orthant defined by the signs of (∆w1,∆w2). To write it out, use the sign function sgn(x) = −
if x < 0, = + if x > 0, and = o if x = 0, and let �++ = {(x, y) ∈ �2 : x > 0, y > 0} denote

the open positive orthant, �+− = {(x, y) ∈ �2 : x > 0 > y} denote the Southeast orthant,

�o− = {(x, y) ∈ �2 : x = 0 > y} denote the line heading South from the origin, etc. Also,

let || · || denote the usual Euclidean norm, e.g., ||∆w||2 = ∆w
2
1+∆w

2
2. We impose a Lipshitz-

Smale commensurability condition via the ε-annulus, Aε(s) = {(x, y) ∈ �2 : ε−1||∆w(s)|| ≥
||(x, y)|| ≥ ε||∆w(s)||}.

Sign preserving dynamics can now be defined as solutions to a differential inclusion V such

that, for some small ε > 0,

V (s) = A
ε(s) ∩ �(sgn(∆w1(s)),sgn(∆w2(s))) (9)

for all s ∈ (0, 1)2. On the boundaries si = 0, the set V (s) of tangent vectors is the intersection

of the closed half-plane ṡi ≥ 0 with the RHS of (9); this prevents the share of Hawks from

going negative. Likewise, V (s) on the boundaries si = 1 intersects the RHS of (9) with the

half-plane ṡi ≤ 0 to prevent the share from exceeding 1.0.

It is routine (but a bit tedious) to verify that this correspondence V is what Sandholm (2010,

Ch 6A) calls good UHC, and therefore has well-behaved solutions. Of course, the solutions

are not unique—in some sense, that is the point of using differential inclusions rather than

ODEs—but their tangent vectors can vary continuously (or even be constant) on the interior

of regions where ∆w1 and ∆w2 have a given signs, e.g., on the transient and the absorbing

rectangles in the Hawk-Dove game. The trajectory can have a kink, however, when it crosses
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regions.

The Lipshitz-Smale annulus implies a positive lower bound on the velocity outside any

neighborhood of the equilibrium points (where ||∆w|| = 0) and thus prevents the trajectory

from stagnating in the interior of a rectangle or in the relative interior of an edge. This

allows the intuitive geometric arguments in the text to be made rigorous in a straightforward

manner. Consequently we have the following result.

Proposition 1 . Let {s(t) : t ∈ [0,∞)} be a trajectory with initial condition s(0) = so =

(s1o, s2o) for sign preserving dynamics of the HD game in Table 1. Then

1. There is some t̂ > 0 such that si(t) ≥ 2
3 ≥ s−i(t) ∀t ∈ [t̂,∞) either for i = 1 or for

i = 2.

2. If sio >
2
3 > s−io then si(t) >

2
3 > s−i(t) ∀t ∈ [0,∞).

3. If sio >
2
3 > s−io then limt→∞ si(t) = 1 and limt→∞ s−i(t) = 0.

Part 1 says that the open SW and NE rectangles are transient, and part 2 says that the

open SE and NW rectangles are absorbing. Part 3 says that all trajectories starting in the

SE (or NW) rectangle converge asymptotically to PNE1 (or to PNE2, respectively).

Three further remarks may be in order.

• Replicator dynamics and sign preserving dynamics offer contrasting predictions of what

happens in the HD game near the unstable corners (0, 0) and (1, 1) of the state space.

Replicator dynamics predict very slow adjustment, while sign preserving dynamics

suggest adjustment at least as rapid there as anywhere else in the transient rectangles.

We didn’t test this prediction because our experiment provides almost no relevant

data, and also because the contrast arises not from the basic nature of ODEs versus

differential inclusions, but rather from their implementation in terms of growth rates

(for replicator) versus rates of change (for the differential inclusions).

• Sign preserving dynamics do not always produce such clear predictions, even in 2x2

bimatrix games. For example, in a typical matching pennies type game, sign preserv-

ing dynamics predict only that trajectories will spiral clockwise (or counterclockwise,

30



depending on the parametrization). They allow the interior NE to be asymptotically

stable (inward spirals), or neutrally stable (closed loops), or unstable (outward spirals).

They even allow self-intersecting trajectories.

• With more than two alternative strategies available to some populations, sign preserv-

ing dynamics admit many different generalizations. As noted in Weibull (1995), Sand-

holm (2010) and elsewhere, these include payoff-monotone dynamics, payoff-positive

dynamics, best-response dynamics, and many more.

Stability Analysis

Here we use standard linearization techniques (e.g., Hirsch and Smale, 1974) to determine

the stability of the HD steady states under replicator dynamics.

Recall that for the given HD matrix, replicator dynamics are given by the following coupled

pair of ordinary differential equations:

ṡ1 = 3s1(1− s1)(2− 3s2) = 6s1 − 6s21 − 9s1s2 + 9s21s2, (10)

ṡ2 = 3s2(1− s2)(2− 3s1) = 6s2 − 6s22 − 9s1s2 + 9s22s1. (11)

The Jacobian matrix for this system is:

J(s1, s2) =



 6− 12s1 − 9s2 + 18s1s2 −9s1 + 9s21

−9s2 + 9s22 6− 12s2 − 9s1 + 18s1s2



 (12)

Evaluating at the steady state PNE1, where (s1, s2) = (1, 0), we have

J =



 −6 0

0 −3



 (13)

Here the eigenvalues are λ1, λ2 = −6,−3 < 0 and hence we have a sink, i.e., a locally

asymptotically stable hyperbolic critical point.

The eigenvalues for the other asymmetric PNE2, where (s1, s2) = (0, 1), are similarly seen

to be λ1, λ2 = −3,−6 < 0, so PNE2 is another sink.
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At the interior MNE steady state (s1, s2) = (23 ,
2
3),

J =



 0 −2

−2 0



 . (14)

The characteristic equation now is λ2 − 4 = 0 and the eigenvalues are λ1, λ2 = 2,−2. Since

λ1 > 0 > λ2 we have a saddle point.

At the corner (s1, s2) = (0, 0)

J =



 6 0

0 6



 (15)

Here λ1 = λ2 = 6 > 0 which implies (s1, s2) = (0, 0) is a source, i.e., a hyperbolic critical

point for which all trajectories starting nearby exit any small neighborhood.

At the opposite corner(s1, s2) = (1, 1)

J =



 3 0

0 3



 (16)

Therefore λ1 = λ2 = 3 > 0 so here we have another source.

Finite Populations

Here we show that, with finite populations, the equilibrium states are a bit different than

with infinite populations, but the modifications necessary for our experiment turn out to be

quite minor.

To begin, suppose there is single finite population of n players. Then the fraction of Hawk

players is sh = k

n
for some k ∈ {0, 1, ..., n}. The protocol is to match each subject with every

other subject, but not with himself. Hence a Hawk player faces k−1 Hawks among the n−1

matches, and so the relevant state is s = shn−1
n−1 . The indifference condition for a Hawk thus

is 0 = ∆w(s) = 6− 9s or 2
3 = s = shn−1

n−1 . Solving, we see that Hawks are indifferent when

s
∗
h
=

2

3
+

1

3n
(17)
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and that they have no incentive to switch when sh ≤ s
∗
h
.

Similarly, a Dove faces the fraction sdn−1
n−1 of Doves, where sd = n−k

n
= 1 − sh is the overall

fraction, including himself. Solving the indifference condition sdn−1
n−1 = 1

3 yields

s
∗
d
=

1

3
+

2

3n
(18)

as the state at which Doves are indifferent. Again, Doves are optimizing as long as sd ≤ s
∗
d
,

or sh = 1− sd ≥ 1− s
∗
d
.

Thus we have a Nash equilibrium of the finite single population game at any state sh ∈
[1 − s

∗
d
, s

∗
h
]. Of course, in the limit as n → ∞, the NE interval collapses to a single point

s
∗ = 2

3 .

One session in our experiment had n = 10 subjects and the others had n = 12. In the the

10 player case, equations (17-18) yields the NE interval [.6,.7]. Thus any profile with 6 or 7

Hawks is a NE of the 10 player game. In the 12 player case, the NE interval is [.611,.694].

The only NE profiles are those with exactly 8 of the 12 players choosing Hawk, since 7/12

and 9/12 lie outside the NE interval.

Now consider the case of two finite populations of equal size n. Since ech subject is matched

with only subjects in the other population, the asymmetric pure NE are unchanged relative

to the infinite population case. With n = 6 as in most of our two population sessions, the

interior NE also remains unchanged, with 4 Hawks in each population. With n = 5, the

interior NE (s1, s2) = (23 ,
2
3) can not be supported by a pure strategy combination, since

3
5 <

2
3 <

4
5 , but it can be supported if at least one player mixes. For example, in NE each

population could have 3 Hawk players plus 1 Dove player plus 1 player mixing 1/3 Hawk

and 2/3 Dove.

Gini Coefficient

We now calculate the Gini coefficent when two equal-size populations play a PNE. Recall

that the Gini coefficient for the MNE is zero since all subjects receive the same payout.

The Gini coefficent is defined as A

A+B
where is A is defined as the area between the diagonal

and the Lorenz curve and B is defined as the area below the Lorenz Curve. Since A+B = 1
2 ,
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we can write that Gini coefficent is simply 2A.

In the PNE, one population will receive a per capita payoff of 15 (Hawk) while the other

population will receive 3 (Dove). Therefore the total is 3+15=18, with one population

receiving 3
18 = 1

6 and the other 15
18 = 5

6 of the total payoff. Hence the Lorenz curve consists of

the two line segments connecting (0, 0) to (12 ,
1
6) and (12 ,

1
6)to (1, 1). It is now straightforward

to calculate that A = 1
6 , and so the Gini coefficient at a PNE is 2A = 1

3 .
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Appendix B: Experimental Instructions

Instructions (C)

Welcome. This is an experiment in the economics of decision-making. If you pay close

attention to these instructions you may earn a significant amount of money that will be paid

to you in cash at the end of the experiment.

The Basic Idea

In each of several periods, you will be able to choose one of two actions: A or B. Each period

you will be matched with other players. Your earnings depend on the combination of your

action and the other players actions that period.

The earnings possibilities will be represented in a GAME MATRIX like the one above. Your

action will determine the row of the matrix (A or B) and each other players action will

determine a column of the matrix (a or b). The cell corresponding to this combination of

actions will determine your EARNINGS. In each cell are two numbers. The first of the two

numbers (shown in bold) is your earnings from this action combination. The second is the

other player’s earnings. You earn points from each match, and the points are scaled down

by the number of other players.

For example, if there are 7 other players and 4 of them chose A and 3 chose B, then your

payoff would be (4*0 + 3*15)/7 = 45/7 = 6.43 if you chose A, and it would be (4*3 +3*9)/7

= 39/7 = 5.57 if you chose B.

You will not have to do this arithmetic yourself. The computer does the calculations and,

as explained below, the bottom graph on your screen will display your earnings as you go

along.
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How to Play

There will be several periods. Each period will last 120 seconds and a counter at the top

of the screen will show how much time is left. The computer randomly chooses the initial

action, but

you can change your action at any time by clicking the two radio buttons or by using the up

and down arrow keys. The row corresponding to your chosen action be highlighted in blue

as in the figure, and the columns will be shaded in blue according to the number of players

currently choosing that action. You and the other players may change your actions as often

as you like each period.

The numbers in the payoff matrix are the payoffs you would earn if you maintained the same

action throughout the period. For instance if you played B for the entire period and all other

players played b in the example above, then you would earn 9 points and the other players

also would earn 9 points each.

If you played A for the first half of the period and B for the second half while the other

players played b for the entire period, your earnings would be 1
2(15) + 1

2(9) = 12, while

the other players earnings would be 1
2(3) +

1
2(9) = 6. This is because you spent half of the

period in the upper right corner and half in the lower right corner of the payoff matrix.

In general, your payoffs in the period will depend on how much time is spent in each of the
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cells on the payoff matrix. The more time you spend in any one cell, the closer the final

payoffs will be to the payoffs in that cell.

To the right of the screen are two graphs showing outcomes over the course of the period.

The top graph shows your action (in blue) and the average action of all other players (in

red) over the period. The graph is labeled Percentage of A If this now reads 100 it means

that at the moment you chose A. If it is 0 it means at that moment you chose B, and it

switches between 0 and 100 as you switch actions.

The bottom graph shows your earnings over the course of the period in blue. The more area

below your earnings curve, the more you have earned. In other words, the higher the blue

line the more you are currently earning. The red line shows the corresponding average payoff

for the other players.

Earnings

You will be paid at the end of the experiment based on the sum of point earnings throughout

the experiment. These total earnings are displayed as the Total Payoff at the top of the

screen.

Frequently Asked Questions

Q1. Is this some kind of psychology experiment with an agenda you haven’t told us?

Answer. No. It is an economics experiment. If we do anything deceptive or don’t pay you

cash as described then you can complain to the campus Human Subjects Committee and we

will be in serious trouble. These instructions are meant to clarify how you earn money, and

our interest is in seeing how people make decisions.

Q2. If I choose the rows and the other players chooses the columns, does their screen look

different than mine?

Answer. On everyone’s screen, the same choices are shown as rows. For example if another

player chooses row B then it shows up on your screen as a choice of column b. Of course,

the payoff numbers for any choice combination are the same on both screens, but are shown

in a different place.

Q3. Who am I matched with? Everyone else in the room?
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Answer. Sometimes you are matched with all other players in the room. Sometimes we

divide the players into two groups and we match you only with players in the other group.
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