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aversion. For almost arbitrary distribution classes but small dispersions,
these functions imply a homothetic indifference-curve system in the
(i, o) diagram. The quality of approximation in this diagram is a func-
tion of the coefficient of variation o/u of the end-of-period wealth dis-
tribution. For distributions from a linear class whose standardized
distribution to the left is bounded at z=—k there exist indifference
curves in the (u, o) diagram in the range where u/o > k. These curves
are an exact representation of a von Neumann-Morgenstern function:
they are homothetic, convex, and enter the ordinate perpendicularly.
Important implications for risk evaluation are that the intensity of
insurance demand

- rises with risk aversion as measured by g,
- is independent of wealth in the case of wealth insurance,
- decreases with a rise in wealth if the risk to be insured is given.

Section B
The BrLoos Rule

In the preceding analysis it was assumed that the range of dispersion
of a probability distribution to be evaluated does not exceed the range
over which the Weber functions (A 34) are defined. To avoid the pos-
sibility of negative variates of wealth, distributions bounded to the left
at v=pu—ko were excluded when u/o <k, e<1, and when pu/og <k,
g = 1. Moreover, distributions not bounded to the left were generally
disregarded.

This exclusion seems very restrictive since among the ones it rules out
is the normal distribution which, because of its approximation property
for sum variables, has a significant practical relevance. On the other
hand, it should not be forgotten that such an approximation, though
useful, has its limitations. However similar the distributions that occur
in reality seem to be to the normal distribution, in at least one respect
there is a significant difference: actual wealth cannot become negative,
because, quite clearly, no one can lose more than he has. This fact is
graphically stated in the phrase ‘you can’t get blood out of a stone’ or,
to coin a word, in the ‘BLoos rule’. It is true that there are many people
who burden themselves with more debt than they can ever hope to repay
in their lifetimes, i.e., people whose economic balance sheets, including
human capital, indicate negative wealth. However, since the debtor’s
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prison has been abolished, the fact that part of the debt is not redeem-
able does not worry them' 23,

Let V" denote the actual or net distribution of wealth and let V denote
the balance-sheet or gross distribution of wealth. Then the BLoos rule is
1) it 2 [V, V=0,

0, V=0,

Given the Weber functions this relationship implies a complete pre-
ference ordering over gross distributions whose properties will be
studied in what follows. It will be useful to carry out this study
separately for the cases of weak (¢ < 1) and strong (¢ = 1) risk aversion,
since, in the first case the utility function is bounded from below, while
in the second it is not.

1. The Complete Preference Ordering under Weak Risk Aversion
(0<e<]1): The True Reason for Risk Loving
1.1. The Derived Utility Function for Gross Wealth Distributions

Using (1) and letting the Weber functions (A 34) be denoted by U"(.)
we can construct the following derived utility function U(.):

n — pl—k
o w-{reT
with ) -
Uw)y=(—-eg)v* and U"(v)=—e(l-g)v"*9, if 1>0,
and with

U'(v)=U"(v)=0, if v<0.

' Thus a formal test developed by ScHNEEWEISS (1964; 1967a, pp. 129-160) for finding
out the intersection of preference structures that on the class of normal distributions, may
just as well be represented in a (u, o) diagram as by means of a von Neumann-Morgen-
stern function cannot be applied. One of the conditions for the application of this test,
lim, .o U{u}e‘“*’l} —e, @ = const. > 0, cf. (1967a, p. 131), is not satisfied.

2Recall the definition of wealth given at the beginning of this chapter. According to this
definition a complete loss of wealth means that, during the whole of his life, the decision
malker still retains enough for subsistence minimum consumption. Because of the limits to
attachment usual in countries with a well-developed law system this seems to be a realistic
assumption.

3The significance of a lower boundary of wealth for the evaluation of risks was also
pointed out by SEipL (1972, pp. 443-445), Seidl did not attempt to integrate this boundary
into a formal decision theoretic approach. The following analysis extends the one given in
Sinw (1982) by considering arbitrary distribution c¢lasses rather than binary distributions
only.



B The Broos Rule 165

Since the derived utility function U(.) evaluates the gross distribution V
in exactly the same way as the original function U"(.) evaluates the net
distribution V" we have

(3) E[UM] =ELU"(V)]

for all elements of the opportunity set.

U(.) is nothing more then an auxiliary mathematical construct that
draws all its information from U”(.). Thus we should not be bothered
by the fact that U(v) does not satisfy the Non-Saturation Axiom for
p<0. U"(v") is compatible with this axiom for all admissible values of
v" and that is sufficient.

By analogy with Figure 10 in section II C 1.2, the following Figure 9
demonstrates the implications of the BLoos rule for the intensity of in-
surance demand if, because of / > ag, the loss distribution C= (": 1 ;w)
is large enough to allow for negative gross wealth, a case that is particu-
larly relevant in the case of liability insurance.

Ulv)

ag—¢ 0 E(V)S(V) ag v
‘—'—F
—n(V)

et
Pruax 4

E(C)

Figure 9
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The remarkable aspect of this figure is that the BLoos rule implies a
kink in the derived utility function that destroys the over-all concavity
that is usually assumed. If the possible loss / is large enough, the
certainty equivalent S(J') exceeds the expected level of wealth so that the
subjective price of risk m(V) is negative and the intensity of insurance
demand is smaller than one:

_ Poand

E(C) <l.

(4)

One implication for the case of liability insurance is obvious. Since
insurance companies have to demand a premium at least equal to the
expected indemnification payment?, it is preferable for the person
facing the liability risk to stay uninsured, although, concerning his sub-
jective preferences, he is a risk averter in the usual sense. The reason is
that, even without insurance, the person liable avoids part of the loss
which, of necessity, is borne by other parties sustaining the damage.
Insurance is not attractive since part of the premium that the buyer pays
benefits these other parties and not himself.

Apart from the insurance example that will be considered in more
detail later’, there are a number of other significant implications of the
BrLoos rule. For example, the rule suggests that, when choosing between
different techniques of production, a firm may well decide in favor of
extremely risky techniques that involve the possibility of losses far
exceeding the value of its equity, simply because a large part of these
losses would be borne by others. In this case, the implication of the
Broos rule that there will be negative external effects, which may result
in a substantial misallocation of resources, is straightforward. Another
implication that will also be discussed in detail®, shows up in forward
speculation when speculators sell short on the futures market, where the
possible loss may greatly exceed the speculator’s wealth. According to
the Broos rule, in this case it may well be rational for a risk averter,
when choosing between two contracts, to decide on the one with the
lower expected gain and the higher variance with respect to gross vari-
ables. The BrLoos rule may therefore explain why speculators, in parti-
cular, are often said to be risk lovers.

These remarks concerning the practical relevance of the kinked utility
function for evaluating gross wealth distributions should be enough for
the time being.

4Cf. chapter 11 C 1.2 and 1.3.
5Inchapter VC land V C 2.3,
&1n chapter V B 4,
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1.2. Indifference Curves in the (u, o) Diagram for Linear Distribution
Classes

This section investigates the implications of the Broos rule for the
shape of the indifference curves in a (g, o) diagram in order to facilitate
an evaluation of distributions other than the binary distribution con-
sidered above. For the sake of simplicity, the analysis is confined to
probability distributions that are described by continuous density func-
tions’. Moreover we only consider distributions from the same arbitrary
linear class® with f(z;0,1)=/.(z) and Z=(V—u)/c or z=(v—u)/a,
respectively, where z is a variate of the standardized random variable Z.
For the time being the distributions are assumed to be bounded to the
left at z = —k, k <oo, and to the right at z =K, k <ce. It is assumed that
the density is finite except possibly for z=K.

This characterization of the linear distribution class has the following
immediate consequence. Above a ray through the origin u= —ko (cf.
Figure 10) there is a continuum of indifference curves. They all enter the
positive part of the u axis because each distribution, which brings about
strictly positive wealth levels with a probability greater than zero, has a
strictly positive certainty equivalent. Since the net distribution is
bounded at v =0, the lowest conceivable certainty equivalent is zero.
Below the border line 4 = — ko there is an indifference area. All distri-
butions whose mappings are in this area only extend over the negative
half of the wealth axis where U(v) = const. Thus these distributions
bring about a non-random net wealth level of zero and hence the
decision maker regards them as equal in value,

Because of the continuity of U(v) in the whole range —co=p < + oo,
the indifference-curve slope can, in the usual way, be calculated by use
of equation (I1 D 60)°. An interesting question is whether the result of
homothetic indifference curves given by equation (II1 A 48) remains
valid. This question can be answered in the affirmative since the
equation U’ (u+ 0z) = (1 —&)a *U’(z+ u/a), that was implicitly used in

71f there are discrete distributions they may be approximated by a continuous one. CI.
footnote 2 in the introduction to chapter 11.

8The method of local approximation can no longer be applied since the Weber
functions can only be developed into a polynomial down to 50% of the mean. Cf. chapter
Inp2z2.2.

9The necessary differentiation under the integral

=

§ U+ a)dz

does not alter the formula despite the discontinuity in the marginal utility function at
v=0. Cf. appendix 3 to this chapter where, for another problem, the same mathematical
aspect shows up. Formula (5) would cease to hold only if U(v) were discontinuous.



168 The Structure of Risk Preference II1

the derivation of (III A 48), not only holds for u+ ¢z > 0, but also for
#+ oz <0 since in this case, from (2), U'(u+ oz) = 0. Thus the formula

B E[ZU’ (% +z)]
o)

remains valid in the case of gross wealth distributions with negative
variates so that the indifference-curve system is also homothetic in the
range below or to the right of the curve u =ko (cf. Figures 6 and 10).
Over some range, the indifference curves plotted in Figure 10 have
negative slopes, which is a sign of risk loving behavior. This property is
already necessitated by the fact that a// distributions with /o> —k have
strictly positive certainty equivalents and is plausible in the light of the
convexity of the utility function brought about by the BrLoos rule.

@
©) da

u | convex if

-f;{__k} =0 F_:Eﬂ'

and k - u/o further properties:
sufficiently 1. homotheticity
small 2. smooth indifference curves
1. slope always smaller than u/a
) and greater than —&
convey

- ot ; asymptote with
slope slope -k

concave if u/o is suffi-
ciently close to zero and
the distributions are
unimodal and not

left skewed
negative
‘. slope
\ N

concave if
- - /e suffi-
indifference o ciently small
area

Figure 10
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More precise information on the indifference-curve slope when /g is
in the range —k < u/o < k can be gained by inspection of (5). According to
this expression, the slope is the negative of a weighted average of the pos-
sible variates of Z where the weights are £(z)U'(z + u/0)/E[U"(Z + u/a)].
Obviously zero weights are attached to all z> £, since f; =0, and to all
z<—u/a, since U'(v)=0 for v<0. Hence —u/oc<E(ZU")/E(U') = k
and thus —k < du/de |y, o < u/0. Although this information about the
indifference-curve slope is rather limited, it confirms the fact that, with
—k < u/o <0, there is a range where the slope is negative.

To obtain further information equation (5) is written in the explicit
form

- Iu .
d f 2(2)(1 - a](— +z) dz
U ~pe a
(6) = !
Qi § L,(z)(l—a}(£+z) dz
e a
Since'? lim (z4+u/a) ¢ =00 it is tempting to conjecture that the

P = ia+

weight for z=—u/c is dominating all others so that du/d6 |, oy = u/o
if f.(—u/0) > 0. In the range —k < u/o <k, the indifference-curve system
would then be a set of rays through the origin. Appendix 2 shows this
conjecture to be wrong. (Substitute'' A =du/da |y q)» #/o=Y, 2= W,
£=©.) As long as the assumption 0 <& < 1 that underlies this section is
maintained we have

du u oo, H ( u
? — -.;:— f L EREH = ey L
(7 5 los = i r:.r} k and oo >f, U)}{}

This result will hold a fortiori if f.(—u/a) =0, perhaps because the con-
sidered type of distribution is multimodal or because'* u/o >k, the
situation analyzed in section A.

It is clear that the lower boundary —k of the slope will never be
reached when variates of Z in the range —u/o = z < k occur with strictly
positive probability. If, however, u/c ——k then the range of z values
used for calculating E(ZU’) becomes even narrower. SO we must

10To distinguish limits from above and from below *+" or *—' are placed after the
variable denoting the limit.

11 In parts of the appendices different symbols are used since the mathematical prob-
lems treated are considered in various contexts.

12 This was shown in equations (A 49)-(A 51).
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generally conclude that'?

®) dl o o ® - &
da |y, o) ulo=-k da |y, q)

Hence, for u/o sufficiently small, the indifference curves are nearly
parallel to the lower boundary u = — ko of the range where indifference
curves exist.

In addition to the information about the slope of the indifference
curves, information about the curvature may be of interest. From
Tobin’s proof presented under point (2) in section II D 2.3 we know
that, in the range u/o > k, the indifference curves are strictly convex.
To find out about the curvature in the range —k < u/o <k we differen-
tiate (5) with respect to u/g. The result of this calculation, carried out in
appendix 3, is:

du
dﬂ'_cr U e(l—-g) § It
(9) ol § [fz(~~)—{1—rv;(z}}
d£ ;R g
a LR
(o) ae-2,.)
o o do Ul o)

1>I>0, if ,@(-5) -0,

=0, i 1
I'=29, if j;( a)::a-ﬂ,
o> f>0.

Since f, £(1 —¢), and, because of (7), the terms in brackets behind the
integral are strictly positive and finite, so we only have to consider the
integral itself.

As shown in appendix 4, it is finite if, as assumed, 0<e<1. (Sub-
stitute the integral for A and set u/o=y, z=w, fi(—u/o)— (1 =) fi(z)=

13In the case of discrete probability distributions rather than continuous ones that can
be described by density functions, the slope may take on the value —k even for u/a > —Fk.
The sufficient condition for this case is that the variate z= — Kk obtains with positive
probability and that further variates in the range —u/o = z < kK are impossible. For a
binary distribution, this means that in the whole range below the line u = ko the indiffe-
rence curves have a slope of size —k. The discrete distributions and the corresponding
indifference-curve systems can be approximated by the use of continuous distributions as
closely as we wish.
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fio(w), (1+€)=0.) Since the utility curve is kinked at v=0 the sus-
picion could arise that the indifference curves are also kinked some-
where, at least on the border line u = ko. The finiteness of the integral
allays this suspicion. The indifference curves are smooth everywhere.

Whether the indifference curves are convex, concave, or linear is
determined by the sign of the integral in (9). In the case u/g >k it is
negative because of f.(—u/o) =0 and I"<1; this restates the convexity
proved by Tobin. It is worth noting that the sign of the integral stays
negative even in the case k —u/a >0, provided that this difference is
sufficiently small and provided that the density function has the
property f.(—k+)=/.(—k-). Thus the indifference curves stay convex in
the neighborhood of the line u = ko even for u/o < k. If, however, the
density function is ‘truncated’ so that f.(—k+)>0 while f.(—k-)=0,
then immediately below this line there will be a concave segment
provided f.(—k+) is sufficiently large.

For a unimodal distribution class the integral is strictly positive if the
mode (M) is zero or negative for, in this case, f.(—-M/o)—/f.(z)>0
Vz>-M/a. Hence, for such a class, the indifference curves are
definitely concave if M/o is negative or sufficiently close to zero. In the
case of a right skewed or a symmetrical distribution where M < u, this
also means that there exists some x = const. >0 such that concavity is
ensured for all u/o <x. In the case of multimodal distributions, the
indifference curves may consist of various convex and concave seg-
ments. In this case, concavity is only ensured when u/¢ is small enough
so that the highest mode is close enough to zero.

The simplest version of an indifference curve system that can nor-
mally be expected is shown in Figure 10. The properties that have been
derived are labelled.

Up to now, only distributions that are bounded to the left have been
considered. This does not seem unrealistic. In many practical problems
even the gross distribution of wealth in the sense of a balance sheet item
appears to have this property since the maximum loss is often limited to
capital ventured in a particular enterprise rather than to the decision
maker’s personal wealth. We should think here, for example, of forms
of speculation that tie up capital, of share holding, or of the participa-
tion in other limited-liability enterprises. On the other hand, there are a
number of decision problems like speculation by selling short or liability
insurance, where wealth distributions that disperse very widely to the
left have to be evaluated. These problems legitimate the consideration
of the limiting case of distributions that are unbounded to the left. In
addition, of course, the normal distribution creates some interest in this
case, although it must be admitted that there are hardly any problems
where the normal distribution approximates the left tails of the approp-
riate distributions particularly well.
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For k= o, the area of indifference curves where all variates of V are
positive no longer exists. For any & >0 the BLoos rule affects the indif-
ference-curve slope. Clearly this aspect does not change those particular
conclusions, derived above for u/o <k, that were not confined to the
neighborhood of the 4 = ko line. Thus, the property of homotheticity
will continue to hold, and the indifference curves will be negatively
sloped and concave for u/o sufficiently small. The question remains,
however, of how the indifference curves are shaped in the neighborhood
of the ordinate. Are they still approaching the ordinate perpendicularly,
and if so, will there still be some range of convex indifference curves in
the neighborhood of the ordinate where the decision maker behaves as a
risk averter?

The first part of this question can easily be answered. Since, in the
present case 0 <&< 1, numerator and denominator of (5) are finite!*,
the discontinuous region of U’(v) at v=0 can be approximated by a
continuous marginal utility function as closely as we wish. In the limit as
g — 0, for a continuous marginal utility function, the numerator takes
on the value E(Z)U’(u) =0 and the denominator the value U’ (u)'3;
moreover the weight of some given range of approximation around
v =0 vanishes'®. Thus, as before, the indifference curves are horizontal
at the ordinate:

(10) Jim 28 =0.
o0 d0 |yy, o)

14 This followed, e.g., from the calculation of equation (6) in appendix 2.

BCE. ScHNEEWEISS (1967a, pp. 128 f.).

' That removing the discontinuity has a negligible influence can be shown by using ex-
pression A in appendix 2. First, within equation (5) from the text above, the substitutions
yY=pu'o, z=w, = 0O are carried out. Then, the shape of the marginal utility curve is made
continuous in the interval from —y through =¥+ by the use of a function y(w) where

-y e poad

_[ SulW)rlx+ w)dw = j Solw)x + w)-Cdw
4 4 =y

is assumed, so that y in equation (9) of appendix 2 remains unchanged. This modification
changes the value of lim,..,, & by a finite amount. If before the modification 4 was
chosen so as to ensure that y is sufficiently close to unity, then, independently of this
modification, equations (11) and (3) of the appendix imply A =lim,.,. f where each
desired degree of approximation can be reached. But even if a very high degree of approxi-
mation is not desired, the subsequent taking of the limit ¥—+oo(g—0) implies that
lim,..,, y approaches unity and hence the question of whether or not the marginal utility
curve is continuous in the range from — ¥ through —y + 4 turns out to be irrelevant as long
as0<@<1.If @=1 then, because of equation (21) from the appendix, we always have
lim,—.,, y=0so0 that the above reasoning is no longer valid.
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The second question can be answered by reference to expression (9).
Obviously convexity prevails, despite the BLoos rule in operation, if, in
the limit as u/g — oo, the integral () in (9) approaches a strictly negative
value. To find out whether this is the case, some formal analysis seems
necessary.

Assume that the prevailing linear distribution class has the property

(11) fi(z)>0, f(z)=0, for z=-p,

where p is some constant that is chosen sufficiently large, and let u/o =
o+x+y, 0<x<oo, 0<y<o, Moreover, write the integral in (9) in the
form

@
(12) f= | [hCeo—x-»—f@Ne+x+y+z) 1+ dz

.
+fl—e—-x-p) | (e+x+y+z)yU+odg
&
- § L@ (e+x+y+2)y+odz,
o

Then it is possible to derive a sufficient condition for the sign being
negative in the limit as u/o — oo. Obviously, by construction, it holds
that jjﬁ_x_r“.dz =<0. Hence | is smaller than or equal to the sum of the

other two items on the right-hand side of (12).
Consider npw the inequality

={l +E) =
(13) (fii) | L@ o+x+2) 0+ dz
-
{._j fl@e+x+y+z) " *9dz

which follows from the facts that

(14) x—?(g+x+z}=g+x+y+z. if z=-o,
(15) 2 o+x+n)>otxtytz if z>-0,

and that (.)""*# is a strictly decreasing function. Utilizing (13), we
clearly have

(16) J<fl-e-x-p) | (e+x+y+2)1*9dz
LA

—{l +g) =
- (x:y) | f@)(o+x+2) 0+ 4z,
-2
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Thus lim,, .. <0 if the right-hand side of (16) becomes negative as
y-+oce. This in turn is the case, if the first item on the right-hand
side vanishes ‘faster’ than the absolute value of the second. Since

aif‘f",, (0+x+y+z)"*9dz<0 the second term on the right-hand side
¥

of (16) will definitely dominate the first if
. JA—e—x—y)
(17) El_{]l x)00 =

Equation (17) therefore is a sufficient condition for the indifference
curves being convex in the neighborhood of the ordinate.

As an example, consider the normal distribution where f.(z)=
(1};/2_::}.:.:*2"*2. Here, with z— —oo, the density vanishes faster than

e 1’2 or, equivalenty, with z=—(¢+x+y) and y—~oo faster than
g=I"e=x=y/2 = g=te+xV2e=¥/2_ Since

e—yﬂf{x +y}—ll +E) = e—_wz;:e— (1 +e)Inix+y) — E"” +g)Inlx+ y)=pr2

this implies that the normal distribution meets condition (17), provided
that lim, .. [(1 +&)In(x+y)—y/2] = —oo. Obviously this is the case.
Hence, at least for the normal distribution and all distributions whose
densities on the left-hand side converge faster, the indifference curves
are convex if, given u, o is chosen sufficiently small.

As a final problem in the analysis of distributions that extend over the
negative half of the wealth axis the role of the risk aversion parameter ¢
should be briefly considered. Here the result

du
d et
da vy, o)
dﬁ' o

B

(18) =0

that was previously achieved with (A 48) still prevails, since the
reasoning of appendix 1 is completely unchanged.

Thus we may summarize as follows. Although the subjective prefer-
ences of the decision maker exhibit risk aversion, albeit moderate
because of € < 1, the BLoos rule produces risk loving behavior provided
the gross distribution extends widely enough over the negative half of
wealth axis.

In the case of a linear distribution class bounded to the left at u — ko,
k < oo, the indifference-curve system in the (u, o) diagram has the usual
properties in the range u/o >k, but, in the range u/o <k, the indif-
ference curves are negatively sloped and concave for u/o sufficiently
small. With K as the upper boundary of the standardized random



B The Broos Rule 175

variable characterizing the distribution class, in the limit as u/o
approaches —k, the indifference-curve slope also approaches this value.

In the case of a linear distribution class unbounded to the left, despite
the Broos rule in operation, the indifference curves have the usual
properties in the neighborhood of the ordinate provided that, for
z — —oo, the density converges at least as fast as that of a normal distri-
bution. For sufficiently small values of u/o the question of a bounded-
ness to the left is irrelevant for the shape of the indifference curves. As
with all distributions unbounded to the right, with the normal distribu-
tion the indifference curves approach vertical asymptotes for u/o suffi-
ciently small.

At any point in the (u, o) diagram the indifference-curve slope is a
rising function of the measure of relative risk aversion &.

The indifference-curve system is homothetic.

1.3. Critigue of the Subjectivist Foundation of Risk Preference

The explanation of risk loving behavior as given by the BLoos rule is
at variance with traditional explanations of this behavior. It does not
have very much in common with a subjective inclination towards risk
except for the fact the utility function has to be bounded for v—0.
Figure 11 compares the utility curve (2) to the classical curves'’ sug-
gested by TorngvisT (1945), Frieopman and Savace (1948), and
MarkowiTz (1952b).

A common feature of the classical proposals is that the convex seg-
ments in the medium ranges of the curves are explained by the empirical
observation that, despite negative expected net gains, people participate
in gambling. Markowitz and Tornqvist place the convex segment to the
right of the initial wealth a since the range of gambling seems to be
there. This assumption implies that there is no given utility-of-wealth
curve but that the positions of the curves are dependent on initial
wealth. Friedman and Savage argue that the convex segment should be
at medium levels of wealth since comparatively poor people seem to be
particularly interested in gambling'®.

17Friedman and Savage call the argument of their utility curve ‘income’. Their
reasoning, however, describes a utility-of-wealth function better. Torngvist and
Markowitz assume that the position of the utility curve depends on the decision maker's
initial wealth (a).

18 The authors unanimously explain the concave curve segments to the left of the convex
ranges with the preference for buying insurance. The right-hand concave segment is
explained by Friedman and Savage with the argument that people seem to have a prefer-
ence for diversifying prizes in gambling. From a more formal point of view Markowitz
and Toérngvist, however, argue that the utility function is bounded from above to avoid
the St. Petersburg Paradox. With a similar argument Markowitz finally legitimates a
lower boundary to utility which produces a convex segment.
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U ) Ulip) Ulv)

o/ a v {]j a v 0)f v

TORNGVIST MarkowiTz Friepman and SAvAGE
U]
0 v

Broos rule and Weber's law

Figure 11

The classical arguments for a convex segment in the utility function
are empirically doubtful, inconsistent, and imply irrational behavior
under risk. If Friedman and Savage are right, then the intensity of
insurance demand must be very low for people from the upper middle
class, and no one from this class would want to play roulette'”, These
implausible implications could be removed by adopting the Térnqvist-
Markowitz hypothesis that the total curve shifts with an increase in
wealth. However, as we know from the discussion of the Weak Rela-
tivity Axiom, this solution demands the high price of violating the
Axiom of Ordering®.

These problems suggest that the idea as such of deriving the shape of
the utility curve from gambling behavior is misleading. The short-
comings of this type of reasoning are very obvious in the light of some
peculiarities of gambling that are hardly compatible with the von
MNeumann-Morgenstern axioms.

- First, it is necessary to mention the fun of observing complicated
game procedures which, as we know, is incompatible with the Axiom

1% This comment also applies to Hakansson (1970b), Masson (1972), and APPELBAUM
and Katz (1981) who derive the Friedman-Savage utility function from an intertemporal
optimization approach with capital-market imperfections. For an extensive criticism of
the Friedman-Savage utility function see BaiLey, Ovson, and WonnacoTT (1980).

20CF. in section A 2.1 the discussion centering around equations (A 16) and (A 37).
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of Ordering?'. This fun may explain why people participate in games
of chance, but it does not imply anything for the shape of the utility
function for serious economic decision making.

- Moreover there is a good case to be made for ALiLais’s (1952, p. 132)
explanation of gambling, namely, that the stake is below a subjective
threshold while the prizes are beyond it. Again this argument has no
bearing on the kinds of economic decision making we are considering
in this book. Thresholds do not seem to be important in insurance
demand, portfolio choice, or speculation.

- A related argument is that people are inclined to overestimate small,
but underestimate large, probabilities. This argument may also ex-
plain gambling since the probabilities of winning are usually very
small. At any rate, Yaari (1965) felt that an explanation of this sort
was needed since he was unable to detect the convex segment in the
utility function in his experimental work on risk preferences.

- Finally, doubts must in principle be raised about applying the von
Neumann-Morgenstern theory of rational behavior under risk. The
attempt by gamblers to outwit probability theory by their ‘crystal
ball’ strategies is surely a good example of irrational behavior. It
seems there is a good deal of wisdom in what Hicks (1962, p.793)
says22 when comparing gambling with portfolio decisions: ‘They [the
portfolio decisions] are work; gambling is relaxation. To expect con-
sistency in gambling is futile, for gambling is a rest from consistency.’

Rather than trying to explain gambling behavior, it would be better to
try explaining types of risk loving behavior that have nothing to do with
the fun of gambling or thresholds in perception. Such behavior is to be
observed among people who are clever enough to discover what their
optimal decisions are.

Why is it that most people obviously have such a low preference for
automobile liability insurance that governments had to make this type
of insurance compulsory? Why is the entrepreneur, who is up to his ears
in debt, willing to risk everything on one more attempt? Why do ship-
owners build their tankers like tin cans that break open at the slightest
impact and spew their oil into the sea, causing losses far greater than the
value of the tanker and its contents put together? In all such cases, there

2UIf the fun of gambling is independent of stakes and prizes and is merely added to
expected utility then MarkowiTz (1952b, pp. 157 f.) may be right in saying that a concave
utility function implies that ‘... when millionaires play together, they play for pennies’. If
however, the completely implausible assumption of independent utilities is removed then
it may well be possible that millionaires play with large stakes, even though in serious and
less pleasant economic decision problems their behavior exhibits risk aversion.

2 C{. also Hicks (1931, p. 181).
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is a particular lack of concern for very large negative variates of the
wealth distribution. The Broos rule, as reflected in the derived utility
function, offers an explanation.

2. The Complete Indifference-Curve System in the Case of Strong
Risk Aversion (e = 1): The Implicit Lexicographic Ordering

In contrast to the case £ < 1, it is now impossible to derive a complete
von Neumann-Morgenstern utility function for gross wealth similar to
(2), for € = 1 means that the Weber functions (A 34) are unbounded at®
p=0: lim, ., U"(v) = —oo. Nevertheless the BLoos rule remains valid. It
is a matter of indifference whether a person loses only his wealth or
whether in addition, he is burdened with a debt that he can never repay.
Either situation is a complete disaster.

We must thus conclude that at v=i=0 there is a lexicographic
critical wealth level so that a maximization of the survival probability
becomes the predominant aim:

(19) max W (v >0).

The fact that a combination of Weber’s law and the Broos rule
renders possible a lexicographic level of wealth just where =0, is com-
patible with the general discussion of the theory of lexicograhic prefer-
ences given in chapter 11 B. In section 1.2 of that chapter we found that
a lexicographic critical wealth level, if it exists, is situated at §=0.

Given the information (19), for a linear distribution class it is possible
to construct pseudo indifference curves in the (y, o) diagram. Since the
geometrical locus of points with equal survival probability is defined by
the condition?

(20) K~V _ const.,
a

the pseudo indifference curves are rays through the origin; this is
illustrated in Figure 12.

However, the total area in the (4, o) diagram is not filled with pseudo
indifference curves, for the lower (k) and upper (k) boundaries of the

23 This property implies a constraint on the range where the Archimedes Axiom is valid.
The problem is taken up in the following section C 2.
2 Cf, equations (11 B 5) and (11 B 6).
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standardized distribution Z = (V — u)/a appear on the scene. This, too,
is shown by Figure 12.

From below, the area of pseudo indifference curves is bounded by the
ray through the origin u = —ko below which there is an indifference
area2s, The curve is of the same kind as that depicted in Figure 10 and
hence we do not have to elaborate upon it.

More important is the upper boundary u = kg, above which, in the
case of wealth distributions bounded to the left, there is the range of
substitutive indifference curves well known from Figure 6. If a choice
has to be made between distributions from this range, then of course the
predominant aim of maximizing the survival probability is irrelevant
since all of these distributions ensure survival.

In the discussion of Figure 6 the question of how the indifference
curves are shaped in the neighborhood of the curve u=ko was left
open. This question will now be considered so that the areas of normal
and pseudo indifference curves can be combined without a break. For
the case of a bounded utility function (0 < & < 1), it was shown that (cf.
equation (7)) dyfdﬂuw.m{m’a so that the indifference curves
approach the line u = ko with a slope lower than k. In the present case
£ =1 such a possibility is not excluded. Appendix 2, particularly with
equations (25)-(29), shows that, for density functions that at the left
continuously approach 0, i.e., that are characterized by f(—k+)=
fi(=k—) =0, there are the following possibilities:

: du
21 | —
20 ﬂ:’d‘l I-I}: + da

{=,ufa if =2,
vy \<ple if £<2.

(When using the appendix consider only the calculation of lim, .., B,
substitute du/da |y, - according to (A 48) for B and set y=k, x=u/o,
O=¢g and w=2z.)

Thus, in the case of a comparatively weak risk aversion (£<2), it
stays true that the indifference curves approach the curve u = ko at an
angle. But if a stronger risk aversion (¢ = 2) prevails, as is assumed in
Figure 12, then the indifference curves lie closely against the curve u =
ko. It should be mentioned that this will occur even in the case 1 =¢<2,
if a ‘truncated’ density function with f(-k—)=0 and f(-k+)>0
prevails. This follows from expressions (2)-(24) in appendix 2.

So far we have only considered the case of distributions bounded to
the left. For these distributions the practically relevant part of the (x, o)
diagram (u/ag > —k) is divided into a substitutive and a lexicographic

25Cf. section B 1.1.
26Cf. the remarks on equation (I D 52).
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Figure 12

area. The difference when the distributions are, like the normal one,
unbounded to the left is immediately clear: the substitutive range dis-
appears completely.

For the case of weak risk aversion (0 < & < 1) we found that with suffi-
ciently small dispersions risk neutrality prevails so that the optimal
decision can be based on expected values alone. This rule is clearly
violated in the present case of strong risk aversion (¢ = 1). In the limit as
a—( even the slightest increase in standard deviation has to be com-
pensated for by an infinite increase in the expected value. This implica-
tion appears highly artificial and suggests that the case e=1 is not a
realistic one. On the other hand it should not be forgotten that not only
the net, but also the gross (= balance sheet) distributions of wealth are,
in practice, often constrained to the left because there are various forms
of limited liability in operation. Even the popular normal distribution
is, with respect to its left tail, usually not a good approximation of those
gross distributions among which economic decision makers have to
choose. Thus there might only be a few occasions where unbounded dis-
tributions can be observed.

However, regardless of whether or not the (u, @) diagram includes a
range of substitutive indifference curves, the implications of the lexico-
graphic range as such are not very plausible. The existence of this range
implies that people would be willing to pay an insurance premium of
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almost their initial wealth to get rid of a liability risk that brings about
the possibility of negative gross wealth. Obviously this is rarely the case.
People are often unwilling to pay premiums that exceed the expected
loss by even a moderate amount; these people, at least, do not have
lexicographic preferences. This impression will be reinforced by the
multiperiod analysis of chapter IV which shows that only the case e <1
is compatible with the observation that people become more risk averse
as they grow older. Thus there is clear evidence against the preference
structure depicted in Figure 12, i.e., against a relative risk aversion
greater than or equal to unity, But the evidence is only presumptive.
Since we cannot ultimately exclude the possibility that £ = 1 will hold for
at least some people, the analysis should not be confined to the case
0 < e< 1, however attractive this further reduction in the set of possible
preference structures might seem.

An open question in the discussion of Figure 12 is how to choose
among distributions with an equal survival probability less than unity.
Although the expected utility of all these distributions is —o=, people will
not generally be indifferent between them. Indeed, it is possible to find
dominance rules that allow an ordering to be made. The distributions
considered have the property v=u+zo, E(Z)=0, a(Z)=1. This
implies that a proportional change in u and ¢ which does not affect the
probability of survival?’ must be an improvement from the viewpoint of
the decision maker. The reason is that (2) and

(22) AV =Au+zha, A>1,

ensure that each variate z of the standardized random variable Z is
associated with a higher variate v” of the net wealth distribution if
initially v">0, and is associated with the same variate if initially v" = 0,
i.e., if initially gross wealth was zero or negative (v <0). This improve-
ment, which is immediately plausible, follows from the Axioms of Non-
Saturation and Independence. According to these axioms, the decision
maker is already better off if a single small interval z=z<Z, z <Z, can
be found where the variates z are associated with higher levels of wealth
while elsewhere they bring about given levels of wealth. In Figure 12 this
result is reflected by the arrows on the pseudo indifference curves. With
strict dominance, a movement along such a curve to the right leads to
distributions with a higher evaluation.

The most important aspects of the indifference-curve system in the
case £ =1 have now been reported. The results can briefly be sum-
marized.

21CE. equations (II B 5) and (I1 B 6) for d=0.



182 The Structure of Risk Preference I11

In the case of strong risk aversion (g = 1), Weber’s relativity law in
connection with the BLoos rule implies that, at 0 =0, there is a lexico-
graphic critical level of wealth. Hence maximizing the probability of
survival W (V > ) is the predominant aim. This aim, however, only has
implications for choice if the probability distributions to be evaluated
partly extend over the negative half of the wealth axis. If this is not the
case, the usual aspects of an evaluation of expected utility remain un-
affected.

In the case of linear distribution classes bounded to the left at u — ka,
k <o, and to the right at u+ ko, k< oo, three areas have to be dis-
tinguished in the (u, o) diagram. An indifference area for u/o < -k, an
area with rays through the origin as pseudo indifference curves for
—k<u/o<k, and finally a normal range of substitutive indifference
curves for u/o >k. The indifference curves approach the border line
between the last two ranges at an angle if £ <2 and if, on the left side of
the distributions, density is continuously declining towards zero. The
border line is tangent to the indifference curves if £ = 2 and/or the prob-
ability distribution is truncated at the left-hand side, i.e., if the density
jumps to zero. A pseudo indifference curve ranks above another one if
it is situated above it. On a pseudo indifference curve, an increasing
distance from the origin means that probability distributions with
higher evaluations are reached.

In the case of a linear class of unbounded distributions, for example
in the case of the class of normal distributions, the whole (x, o) diagram
is filled with pseudo indifference curves all centering on the origin.

Section C
Arrow’s Hypothesis of Increasing Relative
and Decreasing Absolute Risk Aversion

Arrow (1965, pp. 28-44; 1970, pp. 90-120) postulates a preference
structure that comes, so to speak, half way between the hypotheses of
constant absolute and constant relative risk aversion. It implies that an
increase in wealth leads to an increase in the intensity of demand for
wealth insurance and a decrease in the intensity of demand for insurance
of given risk'.

Crucial to Arrow’s argument in favor of the hypothesis of increasing
relative risk aversion is his Utility Boundedness Theorem. This theorem
requires that, over the positive wealth axis, utility be bounded both
from above and below. In deriving his theorem, Arrow (1965, pp. 18-27,

ICf. section A 2.3.2.





