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Quantal Response Equilibrium
McKelvey & Palfrey GEB95

• Consider a Normal Form Game Γ = {N, S, u}

• n players: N = {1, ..., n}

strategy set Si = {si1, ..., siJi
}, Ji pure strategies of player i

payoff function ui : S → R, where S = Πi∈NSi

• Ji-dim simplex ∆i = {pi = (pi1, ..., piJi
) :

∑

pi = 1, pij ≥ 0};

pi is a mixed strategy for player i

• ∆ = Πi∈N∆i space of mixed strategies;

p = (p1, ..., pn) vector of mixed strategies

• payoff ui(p) =
∑

s∈S p(s)ui(s), where p(s) = Πi∈Npi(si)

(expected payoff when players play mixed strategies p
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QRE - Definitions

• Definition of Nash Equilibrium:

A vector p = (p1, ..., pn) ∈ ∆ of (mixed) strategies is a Nash

equilibrium if for all i ∈ N and all p′i ∈ ∆i, ui(p
′
i, p−i) ≤ ui(p)
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QRE - Definitions

• Random utility - Utility with noise

– space of possible payoffs of player i:

Xi = RJi ; X = Πn
i=1Xi

– Define ū : ∆ → X as

ū(p) = (ū1(p), ..., ūn(p)) where ūij(p) = ui(sij , p−i)

– player i’s utility is subject to random error:

ûij(p) = ūij(p) + ǫij

where ǫi = (ǫi1, ..., ǫiJi
) player i’s error vector, with

E[ǫi] = 0 and density function fi(ǫi).
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QRE - Definitions

• Behavioral assumption:

– each player i selects an action j such that ûij ≥ ûik for all

k = 1, ..., Ji

• Define ij-response set Rij ⊆ RJi as

Rij(ūi) = {ǫi ∈ RJi |ūij + ǫij ≥ ūik + ǫik for all k = 1, ..., Ji}

(region of errors that will lead i to choose j, for given p)

• Statistical response function gives the probability that

player i will choose action j, given ū and f

σij(ūi) =

∫

Rij(ūi)

f(ǫ)dǫ
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QRE - Definitions

• Definition of Quantal Response Equilibrium:

For any admissible f = (f1, ..., fn) and game Γ = (N, S, u) a

quantal response equilibrium (QRE) is any vector π ∈ ∆ such

that for all i ∈ N and all 1 ≤ j ≤ Ji, πij = σij(ūi(π)).

σi : RJi → ∆Ji is the statistical reaction function (or quantal

response function) of player i.

• QRE is a statistical version of NE, where each agent’s

expected utility is subject to a random error, e.g. due to

calculation error.
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QRE - Properties

• Properties of the statistical reaction function:

1. σ ∈ ∆ is non-empty.

2. σi is continuous on RJi .

3. σij monotonically increasing in ūij .

4. ūij > ūik ⇒ σij(ū) > σik(ū).

• 1. and 2. imply existence of QRE, for any admissible f .

• 3. and 4. imply ‘better actions are more likely to be chosen’.
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Logit Equilibrium

• A simple parametric class of QRE - Logit Equilibrium:

If errors are independent with extreme value distribution,

then for payoff xi ∈ RJi the logistic quantal response

function is given by

σij(xi) =
eλxij

∑Ji

k=1 eλxik

• QRE or Logit Equilibrium requires

πij =
eλxij

∑Ji

k=1 eλxik

, where xij = ūij(π)

parameter λ inversely related to level of error:

λ = 0: all error; all probabilities equal 1/Ji

λ = +∞: no error; Logit Eq. approaches NE
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Logit Equilibrium

• Properties of the Logit Equilibrium:

• Define the Logit Equilibrium correspondence

π∗ : R+ → 2∆ by

π∗(λ) =

{

π ∈ ∆ : πij =
eλūij(π)

∑Ji

k=1 eλūik(π)
∀i, j

}

• Note: For λ = 0

π∗(0) =

{

π ∈ ∆ : πij =
e0

∑Ji

k=1 e0
∀i, j

}

= (1/J1, 1/J2, ..., 1/Jn)
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Logit Equilibrium

• Theorem: Let σ be the logistic quantal response function,

and {λ1, λ2, ...} be a sequence s.th. limt→∞ λt = ∞. Let

{p1, p2, ...} be a corresponding sequence with pt ∈ π∗(λt) ∀t,

s.th. limt→∞ pt = p∗, then p∗ is a Nash equilibrium.

• Theorem: For almost all games Γ = (N, S, u)

1. π∗(λ) is odd for almost all λ

2. π∗ is upper hemicontinuous

3. The graph of π∗ contains a unique branch from the

centroid for λ = 0 to a unique NE as λ goes to +∞
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Logit Equilibrium and experiments

• Some first laboratory testing of the Logit Equilibrium for

two-person games

with a unique Nash Equilibrium

and without payoffs Pareto preferred to the NE

• Idea: Calculate maximum likelihood estimate of λ and check

how well it fits the data.

• Analyzed experiments span more than 30 years → all payoffs

converted to real 1982 dollars
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Logit Equilibrium and experiments

• Laboratory Experiment I (Lieberman, 1960) - Two person

zero sum game:

B1 B2 B3

A1 15,-15 0,0 -2,2

A2 0,0 -15,15 -1,1

A3 1,-1 2,-2 0,0

• unique Nash equilibrium (A3, B3)

• each subject in 200 plays with single opponent
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Logit Equilibrium and experiments
B1 B2 B3

A1 15,-15 0,0 -2,2

A2 0,0 -15,15 -1,1

A3 1,-1 2,-2 0,0

• Lieberman zero sum game:

• data broken down to 20 expe-

rience levels of 10 periods

QRE estimates for each level

• during early rounds player 1

overplays A1 and player 2 over-

plays B2, relative to NE;

both predicted by QRE

(see fig. next slide)
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Logit Equilibrium and experiments

• Lieberman zero sum game:

• QRE prediction and ac-

tual data
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Logit Equilibrium and experiments

• Laboratory Experiment II (O’Neill, 1987) - Zero sum game

B1 B2 B3 B4

A1 5,-5 -5,5 -5,5 -5,5

A2 -5,5 -5,5 5,-5 5,-5

A3 -5,5 5,-5 -5,5 5,-5

A4 -5,5 5,-5 5,-5 -5,5

• unique Nash equilibrium in mixed strategies:

(0.4, 0.2, 0.2, 0.2) both players

• each subject in 105 plays
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Logit Equilibrium and experiments

• O’Neill zero sum game:

• data broken down to 7 experi-

ence levels of 15 periods

• data show: A1 is ‘under-

played’; B1 is ‘overplayed’

• QRE predicts: A1 < B1 is

‘overplayed’

• QRE does significantly bet-

ter than Nash and Random

model; LR test
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Logit Equilibrium and experiments

• O’Neill zero sum game:

• QRE prediction:

for intermediate λ: B1

overplayed, A1 under-

played

for all λ: B1 > A1
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Logit Equilibrium and experiments

• Laboratory Experiment IV (Ochs, 1995) - (Non-)zero-sum

games

Game 1

B1 B2

A1 1,0 0,1

A2 0,1 1,0

Game 2

B1 B2

A1 9,0 0,1

A2 0,1 1,0

Game 3

B1 B2

A1 4,0 0,1

A2 0,1 1,0

• Only difference is payoff to player 1 if (A1, B1) is played.

• In the unique Nash equilibrium:

player 1 mixes always with 0.5

player 2 plays B1 with probability 0.5, 0.1, and 0.2,

respectively.
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Logit Equilibrium and experiments

• Ochs 95 - Non-zero-sum game:

52 plays, 4 experience levels of 16 periods

• Game 2: both A1 and B1 are overplayed (Nash: 0.5 and 0.1)

QRE: for intermediate λ precisely this is predicted

Note: λ increases over time → suggests learning
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Logit Equilibrium and experiments

• Ochs 95 - Non-zero-sum game:

52 plays, 4 experience levels of 16 periods

• Game 3: both A1 and B1 are overplayed (Nash: 0.5 and 0.2)

QRE: for intermediate λ precisely this is predicted

Note: λ increases over time → suggests learning
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Logit equilibrium - Continuous strategies
Anderson, Goeree, & Holt, SEJ 2002

• Conceptual issues

• Theoretical results

• Applications:

– The travelers dilemma

– Minimal effort game

– Public goods game
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Conceptional issues

• As in the original approach of MP95:

– If decision x has expected payoff πe
i (x) than a player i

chooses the decision with the highest value for

Ui(x) = πe
i (x) + µǫix.

– µ is a positive ‘error’ parameter and ǫix is the realization

of a random variable

– Result: choice is stochastic and distribution of the

random variable determines the form of the choice

probabilities.

– Double exponential distribution (extreme values) → Logit

model

Slide 24

Conceptional issues - choice density

• Logit model: choice probabilities are proportional to

exponential functions of expected payoffs

• In particular, probi(x) is proportional to eπe
i (x)/µ

Note: Higher µ makes choice probabilities less sensitive to

expected payoff (compare with 1/λ in MP95)

• Continuum of choice possibilities x ∈ [x, x̄] then Logit model

specifies the following choice density:

fi(x) =
eπe

i (x)/µ

∫ x̄

x
eπe

i
(y)/µdy

, ∀i (0.1)

• Note: this is a ‘continuous’ version of the logistic quantal

response function in MP95.
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Conceptional issues - equilibrium

• Application of choice models to games: take into account

that distributions of other’s decisions enter the payoff

function in choice density function (??)

• Hence, consistency requirement as for Nash equilibrium:

belief distributions that determine expected payoffs (r.h.s.)

match the decision distributions (l.h.s)

• Thus, the logit choice rule (??) determines the equilibrium

distributions as a fixed point → the QRE in Logit form

known from MP95.

fi(x) =
eπe

i (x)/µ

∫ x̄

x
eπe

i
(y)/µdy

, ∀x ∀i (0.2)
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Conceptional issues - equilibrium density

fi(x) = e
πe

i
(x)/µ

∫

x̄

x
e

πe
i
(y)/µ

dy
, ∀x ∀i

Differentiating (both sides of) the logit choice rule (??) w.r.t. the

decision x establishes that the equilibrium densities satisfy:

πe′
i (x)fi(x) − µf ′

i(x) = 0, ∀i (0.3)

the so-called logit differential equation in the equilibrium choice
density.
• Note: (??) dictates that

(i) if µ → 0 then πe′
i (x)fi(x) = 0; i.e., the condition for an

interior NE: either FOC for payoff maximization is satisfied

at x else x is chosen with zero probability, fi(x) = 0.

(ii) if µ → ∞ then noise effect dominates and f ′
i = 0; i.e., the

equilibrium density is uniform.
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Conceptional issues - Rank-based payoffs

• Rank-based payoffs - payoff depends on whether the decision

of the player is ‘higher’ or ‘lower’ than the decision(s) of the

other player(s)

Prominent example: auctions

• Consider two-person game: let αH(x) and αL(x) be payoff

components associated with player i’s own decision when the

decision is higher or lower than the other player’s decision.

• Similarly, let βH(y) and βL(y) be payoff components

associated with the other player’s decision when the player

i’s own decision is higher or lower ranked.
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Conceptional issues - Rank-based payoffs

• Then the payoff function can be written as

πe
i (x) =

∫ x

x

[αH(x)+βH(y)]fj(y)dy +

∫ x̄

x

[αL(x)+βL(y)]fj(y)dy

(0.4)
• It can be shown that if the component payoff functions are

(i) additively separable and (ii) continuous in own, x, and

other’s, y, decision, then the derivative πe′
i (x) depends only

on the player’s own decision x, the other player’s distribution

and density functions evaluated at x, Fj(x) and fj(x), and

possibly some exogenous parameter ρ.

• Hence, the expected payoff derivative can be written as

πe′
i = πe′

i (Fj(x), fj(x), x, ρ), and satisfies the so-called local

payoff property.
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Conceptional issues - Rank-based payoffs

• Extension to n-player case - if one’s payoff depends on

whether one has the highest (or lowest) decision

– If having highest is critical (as in an auction), then H and

L in (??) represents the case where one’s decision is

highest or not

– Density fj(x) used in the integrals is replaced by the

density of the maximum of the n − 1 other decisions

– Example: Second price auction with values v →

αH(x) = v, βH(y) = −py , and αL(x) = βL(y) = 0.

• It can be shown that for this case the expected payoff

derivative also satisfies the local payoff property, i.e.,

πe′
i = πe′

i (F−i(x), f−i(x), x, ρ).
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Properties of the Logit equilibrium

Proposition 1 (Existence) [AGH SEJ02]

There exists a logit equilibrium for all n-player games with a

continuum of feasible decisions when players’ expected payoffs are

bounded and continuous in others’ distribution functions.

Moreover, the equilibrium distribution is differentiable.
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Properties of the Logit equilibrium

Proposition 2 (Uniqueness) [AGH SEJ02]

Any symmetric logit equilibrium for a game satisfying the local

payoff property is unique if the expected payoff derivative,

πe′
i = πe′

i (F−i, f−i, x, ρ) ∀i is either

(a) strictly decreasing in x, or

(b) strictly increasing in the common distribution function F , or

(c) independent of x and strictly decreasing in the common

density function f , or

(d) a polynomial expression in F , with no terms involving f or x.
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Properties of the Logit equilibrium

Proposition 3 (Comparative Statics for a Symmetric

Equilibrium) [Prop. 4, AGH SEJ02]

Suppose that the shift parameter ρ increases the marginal expected

payoffs, i.e. ∂πe′
i (F−i, f−i, x, ρ)/∂ρ > 0 ∀i, for a symmetric game

satisfying the local payoff property. Then an increase in ρ yields

stochastically higher logit equilibrium decisions if either

(a) ∂πe′
i /∂x ≤ 0, or

(b) ∂πe′
i /∂F−i ≥ 0.
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An experiment!

The Travelers’ Dilemma
Basu, AER 1994
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Logit equilibrium - Travelers’ dilemma

• The Travelers’ dilemma (in continuous strategies)

– Payoffs: two travelers; each is reimbursed the minimum of

the claims in [x, x̄] and a fixed penalty R > 0 is transfered

from the high claimant to the low claimant

– The penalty gives each traveler an incentive to ‘undercut’

⇒ both claiming x is the unique Nash equilibrium

Independent of size of penalty R.
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Logit equilibrium - Travelers’ dilemma

• Travelers’ dilemma - the data

blue: R=50, yellow:R=25, red: R=10;

frequency of decisions in final 5 of 10

rounds;

source: GH PNAS99

One-shot decisions;

source: GH AER01
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Logit equilibrium - Travelers’ dilemma

πe
i (x) =

∫ x

x
[αH(x) + βH(y)]fj(y)dy +

∫ x̄

x
[αL(x) + βL(y)]fj(y)dy

• Travelers’ dilemma - Theoretical result

Expected payoff has rank-based property:

Let x be player i’s own decision, then

αH(x) = −R, αL(x) = x, βH(y) = y, βL(y) = +R

Hence, the expected payoff of player i is given by:

πe
i (x) =

∫ x

x

[−R+y]fj(y)dy +

∫ x̄

x

[x+R]fj(y)dy i, j = 1, 2, j 6= i

And its derivative is:

πe′
i (x) = 1 − Fj(x) − 2Rfj(x) i, j = 1, 2, j 6= i
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Logit equilibrium - Travelers’ dilemma

πe′
i (x) = 1 − Fj(x) − 2Rfj(x) i, j = 1, 2, j 6= i

• Travelers’ dilemma - Interpretation of expected payoff

derivative

1 − Fj(x) ... probability that the other’s claim is higher →

unilateral increase of claim raises minimum and, hence, the

payoff.

−2R ... payoff reduction when i’s claims crosses over j’s

claim.

fj(x) ... probability with which this cross-over occurs.
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Logit equilibrium - Travelers’ dilemma

πe′
i (Fj , fj , x,−R) = 1 − Fj(x) − 2Rfj(x) i, j = 1, 2, j 6= i

• Travelers’ dilemma - Property of equilibrium

Expected payoff derivative has local payoff property.

Expected payoff derivative increases with parameter

ρ := −R.

Expected payoff derivative does not increase with x:

∂πe′
i /∂x = 0.

Hence, Proposition ?? implies that a decrease in R yields

(stochastically) higher claims.

This is precisely what we observe! And, is not predicted by

the standard Nash equilibrium.
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Logit equilibrium - Travelers’ dilemma

πe′
i (x)fi(x) − µf ′

i(x) = 0, ∀i

• Travelers’ dilemma - Numerical solution

Substituting the expected payoff derivative into the logit

differential equation (see box) gives → second order

differential equation in the equilibrium distribution F (x):

[1 − Fj(x) − 2Rfj(x)]fi(x) − µf ′
i(x) = 0, ∀i, j = 1, 2, i 6= j

There exists no analytical solution but it can be solved

numerically for given noise µ.
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Logit equilibrium - Travelers’ dilemma

• Travelers’ dilemma - Numerical solutions µ = 8.5 and actual

data

source: GH PNAS99
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Logit equilibrium - Coordination game

• Minimum-effort coordination game

– Payoff of a player: minimum effort of all players minus

costs c, 0 < c < 1, of the player’s own effort, x ∈ [0, x̄].

Player i’s expected payoff:

πe
i (x) =

∫ x

0

yfj(y)dy +

∫ x̄

x

xfj(y)dy−cx, ∀i, j = 1, 2, i 6= j

First part: own effort x is above other’s effort; second

part: own effort x is minimum effort.

Expected payoff derivative:

πe′
i (Fj, fj, x,−c) = 1 − Fj(x) − c, i, j = 1, 2, j 6= i
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Logit equilibrium - Coordination game

πe′
i (Fj , fj , x,−c) = 1 − Fj(x) − c, i, j = 1, 2, j 6= i

• Minimum-effort coordination game - Interpretation of

expected payoff derivative

1 − Fj(x) ... probability that other’s effort is higher → unilateral

increase of effort raises minimum effort and, hence, the payoff.
−c ... cost of raising effort.

• Minimum-effort coordination game - Property of equilibrium

πe′
i > 0(< 0) if Fj(x) = 0(= 1) ⇒ all effort levels are NE.

Expected payoff derivative increases with parameter ρ := −c.
Expected payoff derivative does not increase with x.

Hence, Proposition ?? implies that a decrease in effort costs

c yields (stochastically) higher effort.

This is intuitive but not predicted in Nash equilibrium.
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Logit equilibrium - Coordination game

• Minimum-effort coordination game - some data

Source: GH AER01
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Logit equilibrium - Public good game

πe
i (x) =

∫ x

x
[αH(x) + βH(y)]fj(y)dy +

∫ x̄

x
[αL(x) + βL(y)]fj(y)dy

• Public good game

– Payoff of a player depends on own contribution xi and on

the sum of the other’s contribution
∑

j 6=i xj :

Player i’s payoff:

πi(xi) = wi − xi + RIxi + RE

∑

j 6=i

xj

RI < 1 ... internal return from own contribution,

RE ... external return from the sum of other’s

contribution

Note: This payoff is a trivial special case of the

rank-based payoff; is independent from whether or not

one’s own contribution is highest or not.

22



QRE - Noisy Equilibrium A. Riedl

Slide 45

Logit equilibrium - Public good game

πi(xi) = wi − xi + RIxi + RE

∑

j 6=i
xj

• Public good game - Properties of equilibrium

Marginal expected payoff from own contribution is

constant: RI − 1: Hence,

Proposition ?? (d) implies uniqueness

The marginal expected payoff is increasing in the

exogenous parameter RI and non-increasing in own

contribution x: Hence,

Proposition ?? (a) implies a stochastic increase in

contributions with an increase in RI .

This is what we see in experiments but is not predicted in

Nash equilibrium.
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Combining Inequity aversion and Noise
Goeree & Holt, EER 2000

• Alternating offer bargaining

– Two-stage alternating offer bargaining game

Initial pie size s = 2.40

Treatments: different remaining pie sizes after rejection

different fixed payments to proposer and responder

Standard SPE: proposer offers R, which is accepted

However, fixed payments exaggerate earnings

inequalities in equilibrium
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Combining Inequity aversion and Noise

• Alternating offer bargaining - Predictions

– Subgame perfect Nash equilibrium → perfect positive

correlation between initial offers and R

– Final earnings equalization → perfect negative correlation

between initial offers and R

– Note: These relationships might be flattened by noise, but

any negative correlation indicates fairness considerations

– Procedures: 6 sessions, each proposer made 7 proposals, 1 for each

treatment in random order, sequentially; then random assignment

of proposals to responders, sequentially; accepted or rejected and

made counter offer; matched proposer accepted or rejected; all

divisions paid out
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Combining Inequity aversion and Noise

• Alternating offer bargaining - Results

Average 1st stage offers with std.dev.;
Source: GH EER00

Clear negative relation between

remaining pie size and offers.

Standard prediction of positive

correlation clearly rejected.

Note 1: Rabin’s intention model

also predicts positive correla-

tion.

Note 2: The pure Logit model

can also not explain the nega-

tive correlation.
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Combining Inequity aversion and Noise

• Alternating offer bargaining - FS inequity aversion with noise

– FS inequity aversion without noise:

For illustration consider

R = 0, FPR = 2.65, FPR = 0.25 ⇒ πP > πR ∀ offers x:

UP (x) = 2.65 + 2.40 − x − βP [2.40 − 2x]

If β > 1/2: U ′
P (x) > 0 ⇒ x∗ = 2.40 (the whole pie)

If β < 1/2: U ′
P (x) < 0 ⇒ x∗ depends on αR but is always

less than half of the pie, 2.40/2 = 1.20.

Actual data: three offered whole pie, six offered less than

half of the pie, but 13 (out of 23) made offers outside

predicted range.
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Combining Inequity aversion and Noise

• Alternating offer bargaining - FS inequity aversion with noise

– FS inequity aversion with noise:

Use logit decision model but replace expected material

utility with FS utility:

Assume all responders have same αR, βR, and µR

Assume all proposers have same αP , βP , and µP

Estimate these parameters from the data with maximum

likelihood technique, to get

Source: GH EER00
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Combining Inequity aversion and Noise

• Alternating offer bargaining - FS inequity aversion with noise

Initial offers;

Source: GH EER00

Counter offers

Source: GH EER00

Thick lines: prediction; thin lines: actual averages

Hence, the model fits the data quite well.
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