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1 Introduction

When both the Kyoto Protocol and the European Emissions Trading Scheme came into

force in 2005, there was considerable dispute concerning the different potential and real

impacts on trade relations between the European Union and non–participating competitor

countries (e.g., Grubb and Neuhoff, 2006; Van Asselt and Biermann, 2007). A cap on

emissions in the European Union induces domestic firms to reduce output and affects

the domestic trade balance which might lead to an improvement of the domestic terms

of trade.1 Moreover, the cap has a negative impact on domestic income which in turn

reduces domestic savings and hence domestic and foreign capital accumulation. This also

leads to adverse effects on domestic and foreign consumers’ welfare (Fischer and Fox,

2007; Kuik and Gerlagh, 2003). Thus, the burden of unilateral policy is shifted—at least

partly—from domestic consumers to consumers abroad (Babiker, 2005; Proost and Van

Regemorter, 2004). We will show in this paper for a world economy consisting of two

large economic areas, that the magnitude of this burden–shifting effect depends on the

external balance of the country implementing a unilateral climate policy.

The consequences for terms of trade, capital accumulation, and welfare have been dis-

cussed intensively for unilateral fiscal policy. Regarding the terms of trade effect, Frenkel

and Razin (1986) found in a two–period intertemporal equilibrium model that the effect

of unilateral fiscal expansion on domestic terms of trade depends on the external balance

(i.e., the net foreign asset position) of that country. In a model with endogenous capital

accumulation, Lipton and Sachs (1983) show that the impact on domestic and foreign

capital accumulation is unambiguously negative. The economic reason for this decline in

capital accumulation is that government debt implies an increase in the tax burden which

reduces both savings of younger households and the supply of loanable funds for private

capital accumulation (Zee, 1987). We will show that a qualitatively similar result can be

found for a more stringent unilateral environmental policy, in spite of a rising price of

emission permits.

1This terms of trade improvement can be interpreted as a sort of reversed “immiserizing growth” effect

à la Bhagwati (1958).
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Because of the international transmission of a unilateral fiscal expansion, welfare impacts

emerge domestically and abroad. Domestic intertemporal welfare is affected through

different channels, acting in opposite directions. In a one–commodity model, the welfare

effect of a unilateral fiscal expansion can be decomposed into a positive interest rate effect

and a negative lifetime net income (or wealth) effect (Persson, 1985). In a two–good, two–

country framework a third positive welfare impact is caused by a terms of trade effect,

leading to an ambiguous net welfare effect for Home and for Foreign (Ono and Shibata,

2005).2 In the dynamic context of our two–country model, we analyze the welfare effect

of unilateral climate policy by considering the opposing forces of all three effects and by

comparing the welfare effects at home and abroad. In this way, we are able to analyze the

burden–shifting hypothesis which was discussed above for a static world: in an integrated

world economy consisting of (two) large economic areas, a positive terms of trade effect

at home implies a negative one abroad.

We model a world economy consisting of two large industrialized countries, interconnected

through free trade in produced commodities and in bonds emitted by national govern-

ments. The model is based on Diamond’s (1965) overlapping generations economy with

productive capital and constitutes an extension of the closed economy model of Ono (2002)

towards a two–country setting. Pollution arises from production and is controlled by a

permit market in each country. There are two tradeable goods with perfect specialization

in each country. Following the set–up of the dynamic Heckscher–Ohlin models (see Chen,

1992; and more recently Ono and Shibata, 2005), we assume identical technologies and

preferences across countries. Regarding international trade, commodities and government

bonds are internationally mobile, labor and real capital are not. As a prerequisite for the

emergence of international trade, countries differ in their levels of public debt per capita

such that one country is a net creditor and the other one is a net debtor to the world

economy.

2In contrast, in a static closed economy model the only effect of a more stringent unilateral environ-

mental policy is a wealth effect (Hoel, 1991), while in a static open economy the only effect is the terms

of trade effect (Copeland and Taylor, 2005).
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To analyze the transitional dynamics and steady state effects of unilateral climate pol-

icy, the number of permits issued in Home is exogenously reduced. We disentangle the

consequences for the terms of trade, capital accumulation, and welfare, and show that

the magnitude of the domestic welfare effect and of the burden–shifting effect depends

on the country’s net foreign asset position. Our key finding is that if the country which

unilaterally reduces its emissions permits is a net creditor to the world economy, like the

European Union, the domestic welfare effect is smaller and the foreign welfare effect is

larger than if she were a net debtor like the United States.

This paper has five sections. The next section provides a description of the two–good, two–

country model with nationally tradable emission permits, and investigates the existence

and stability of steady state equilibria. In Section 3, the steady state and transitional

effects caused by a unilateral permit reduction, both on the terms of trade, and on domes-

tic and foreign capital accumulation are analyzed. We investigate the net welfare effect

of such a unilateral permit reduction in Section 4. Section 5 summarizes our results and

concludes.

2 The Basic Model

Consider an infinite–horizon world economy of two countries, Home H and Foreign F ,

which have the same population normalized to unity. Each country is composed of per-

fectly competitive firms and finitely lived consumers. Both countries have identical prefer-

ences and production technologies. They differ, however, in their levels of public debt per

capita, leading to diverging net foreign asset positions across countries. This assumption

is essential for the emergence of international trade in a large open economy framework.

There are two tradeable goods, x and y∗, and each country specializes in the production of

a unique good, which can be used for the purpose of consumption in both countries as well

as for investment.3 Both goods are produced by employing labor and capital, and both

3This assumption is a deviation of our model from the assumptions of the Heckscher–Ohlin model.
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cause a flow of pollution. Households save in terms of internationally immobile capital

and internationally mobile government bonds, where the supply of government bonds in

each country is constant over time (as in Diamond, 1965). Without loss of generality, the

rate of depreciation can be set at one, enabling investment of the current period to form

next period’s capital stock.

Regarding pollution and climate policy, we follow the established literature and focus on

producer emissions (Ono, 2002; Jouvet et al., 2005a,b). Due to the assumption of identical

technologies across countries (and sectors), the production of each good causes pollution.

In line with the empirical evidence of the European Emission Trading System (ETS),

we model country–specific emission trading systems where each country’s government

exogenously sets a cap on carbon emissions caused by domestic production.4

2.1 Production

Let the domestically produced good be x and the foreign–produced good be y⋆, both in per

capita terms (in the following, all foreign–country variables are denoted by a superscript

asterisk). Countries Home and Foreign are assumed to have the same Cobb–Douglas

constant–returns–to–scale production technology in per capita terms:

xt = M (kt)
αK (pt)

αP ,

y⋆
t = M(k⋆

t )
αK (p⋆

t )
αP ,

where M denotes a productivity scalar, kt (k⋆
t ) and pt (p⋆

t ) are respectively the capital–

labor ratio and the pollution–labor ratio in H (F ).5

Our model can be regarded as an OLG analoguous to Obstfeld’s (1989) and Gosh’s (1992) two–good,

two–country ILA models.
4Alternatively, one could model a global emissions trading system, which would lead to equal permit

prices across countries. Another possibility would be to assume that goods consumed domestically (rather

than those produced) fall under the permit trading scheme.
5Ono (2002, 77) shows how, by rescaling parameters, a production function exhibiting constant re-

turns to scale with respect to labor and capital, and with emission intensity as a scaling factor, can be

4



In each country and each period, the long–lived government sets an emissions cap and

assigns corresponding emission permits to the production sector, where the total number

of emission permits is denoted by S in Home and by S⋆ in Foreign. Following the specifi-

cation of the permit market in Ono (2002), emission permits are distributed free of charge

to the firms. If a firm’s emissions exceed its allowance, then it buys emission permits in

the market, while for the opposite case it sells excess permits.

In each period, firms in Home (and analogously for Foreign) choose k and p to maximize

profit πt:

πt = xt − qtkt − wt + et (S − pt) ,

where qt (q⋆
t ) is the rental price of capital, wt (w⋆

t ) is the wage rate, and et (e⋆
t ) is the

permit price in Home (Foreign). As described above, emission permits are traded in a

perfectly competitive market. Since, moreover, firms rent capital and employ labor in

perfect factor markets, the optimality conditions for maximizing profits in each period

are given by:

qt = αKM (kt)
αK−1 (pt)

αP = αK

xt

kt

, (1)

wt = (1 − αK − αP )M (kt)
αK (pt)

αP = (1 − αK − αP ) xt, (2)

et = αP M (kt)
αK (pt)

αP−1 = αP

xt

pt

, (3)

q⋆
t = αKM (k⋆

t )
αK−1 (p⋆

t )
αP = αK

y⋆
t

k⋆
t

, (1⋆)

w⋆
t = (1 − αK − αP )M (k⋆

t )
αK (p⋆

t )
αP = (1 − αK − αP ) y⋆

t , (2⋆)

e⋆
t = αP M (k⋆

t )
αK (p⋆

t )
αP−1 = αP

y⋆
t

p⋆
t

. (3⋆)

Profit maximization implies that the firm’s revenues net of the payments to production

factors give a profit equal to the initial endowment of permits, etS. This profit is collected

by the government and reimbursed to the young households.6

transformed into a three–factor constant returns to scale production function with labor, capital and

pollution as inputs.
6In essence, this particular modeling of the permit system guarantees that the subsidy is non–

distortionary and that permits are not “grandfathered”.
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2.2 Consumption

Each country is inhabited by identical consumers and each generation lives for two pe-

riods, one working and one retirement period. In Home, the representative consumer’s

intertemporal utility depends on consumption during the working period, composed of

the consumption goods of both countries, x1
t and y1

t , and consumption during the retire-

ment period, x2
t+1 and y2

t+1, and similarly for Foreign. For simplicity, the representative

households of countries H and F are assumed to have identical preferences across goods

(0 < ζ < 1) and over time (0 < β < 1) and are represented by a log–linear intertemporal

utility function:

Ut = ζ ln x1
t + (1 − ζ) ln y1

t + β
[

ζ ln x2
t+1 + (1 − ζ) ln y2

t+1

]

, (4)

U⋆
t = ζ ln x⋆,1

t + (1 − ζ) ln y⋆,1
t + β

[

ζ ln x⋆,2
t+1 + (1 − ζ) ln y⋆,2

t+1

]

. (4⋆)

In maximizing intertemporal utility the young household in Home is constrained by a

budget constraint in each period of life. When young, wage income wt, net of a lump–

sum tax τt imposed by the national government, is spent on consumption of the Home

and the Foreign good, with ht denoting the terms of trade of Home (units of Foreign good

per unit of Home good). Furthermore, for transferring income to their retirement period,

young households save in terms of domestic capital kt+1 and in terms of bonds of Home

bH
t+1 and of Foreign b⋆,H

t+1. From saving, the old household gains interest income, where it+1

and i⋆t+1 denote the interest rates in Home and Foreign. When old, the household spends

interest income and capital on consumption, again for the Home and Foreign good (x2
t+1

and y2
t+1, respectively). Thus, the first period budget constraint is given by:

x1
t +

1

ht

y1
t + st = wt − τt, (5)

where savings are defined as

st ≡ kt+1 + bH
t+1 + (1/ht) b⋆,H

t+1. (6)

After taking account of the no–arbitrage condition of the asset market in Home (1 + it =

qt, ∀t), the second period budget constraint is given by:

x2
t+1 +

1

ht+1
y2

t+1 = (1 + it+1)
[

kt+1 + bH
t+1

]

+
(

1 + i⋆t+1

) 1

ht+1
b⋆,H
t+1. (7)
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The corresponding budget constraints for the Foreign consumer are:

htx
⋆,1
t + y⋆,1

t + s⋆
t = w⋆

t − τ ⋆
t , (5⋆)

s⋆
t ≡ k⋆

t+1 + b⋆,F
t+1 + htb

F
t+1. (6⋆)

ht+1x
⋆,2
t+1 + y⋆,2

t+1 =
(

1 + i⋆t+1

)

(

k⋆
t+1 + b⋆,F

t+1

)

+ ht+1 (1 + it+1) bF
t+1. (7⋆)

2.3 Intertemporal Equilibrium Dynamics

Using market equilibrium conditions for each period, we examine the intertemporal equi-

librium dynamics of this world economy. Since government bonds are perfectly mobile

across Home and Foreign, the real interest parity condition holds across both countries

(

1 + i⋆t+1

) ht

ht+1

= (1 + it+1) . (8)

Considering the two national no–arbitrage conditions of asset markets (1+it = qt, 1+i⋆t =

q⋆
t , ∀t) and the firms’ first order conditions (1) and (1⋆) in (8), the equation of motion of

the terms of trade follows

ht+1 = ht

(

k⋆
t+1

)αK−1
(S⋆)αP

(kt+1)
αK−1 (S)αP

. (9)

Market clearing for Home and Foreign bonds demands

b = bH
t + bF

t , b⋆ = b⋆,H
t + b⋆,F

t , ∀t, (10)

where total bonds issued are, due to the assumption of a “constant stock” budget policy,

time–stationary and denoted by b in Home and by b⋆ in Foreign.

Utility maximizing domestic savings are given by st = σ (wt − τt) , σ ≡ β/(1 + β), and

foreign optimal savings by s⋆
t = σ (w⋆

t − τ ⋆
t ). Clearing of the world asset market requires

the supply of savings to be equal to the demand for savings (from (6), (6⋆), and (10)):

st +
1

ht

s⋆
t = kt+1 + b +

1

ht

[

k⋆
t+1 + b⋆

]

, ∀t. (11)
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This equation thus relates the terms of trade movements to capital accumulation and to

the levels of domestic and foreign debt. Defining the net foreign asset positions of Home

and Foreign as

φt+1 ≡ kt+1 + b − st, φ⋆
t+1 ≡ k⋆

t+1 + b⋆ − s⋆
t , (12)

(11) can be rewritten as:

ht = −
k⋆

t+1 + b⋆ − s⋆
t

kt+1 + b − st

≡ −
φ⋆

t+1

φt+1
, ∀t. (13)

Since ht > 0, either φt+1 < 0 and consequently φ⋆
t+1 > 0, i.e. Home is a net creditor

to the world economy and Foreign a net debtor, or vice versa if φt+1 > 0 and φ⋆
t+1 < 0.

According to (13), terms of trade movements are determined by changes in the relative

capital account positions of Home and Foreign. For instance, if Home is initially a net

creditor, increasing terms of trade are the consequence of Home becoming a stronger net

creditor to the world economy (and consequently Foreign a stronger net debtor).

To derive the combined product market clearing condition, we start by stating the budget

constraints of Home’s and Foreign’s government:

τt + etS = itb, τ ⋆
t + e⋆

t S
⋆ = i⋆t b

⋆. (14)

Reformulating the first period budget constraint for st (s⋆
t ), substituting for taxes from

(14), for the optimal consumption quantities and for the firm’s first order conditions (1)–

(3), acknowledging the no–arbitrage condition for the domestic asset market, and clearing

of permit markets (pt = S, p⋆
t = S⋆, ∀t), yields an expression for st (s⋆

t ) which depends

only on kt (k⋆
t ) and exogenously given parameters. By inserting these expressions into

the international asset market clearing condition (11), we obtain the second equation of

motion:

htkt+1 + k⋆
t+1 = ht [σ0 (kt)

αK − b (σ it + 1)] + σ⋆
0 (k⋆

t )
αK − b⋆ (σ i⋆t + 1) , (15)

where σ0 ≡ (1 − αK)σMSαP and σ⋆
0 ≡ (1 − αK)σM (S⋆)αP .

Clearing of Home’s product market requires that domestic supply balances with domestic

demand and exports (x⋆,1
t + x⋆,2

t ):

xt = x1
t + x2

t + kt+1 + x⋆,1
t + x⋆,2

t , ∀t, (16)
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and for Foreign, that foreign supply balances with foreign demand and domestic imports

(y1
t + y2

t ):

y⋆
t = y⋆,1

t + y⋆,2
t + k⋆

t+1 + y1
t + y2

t , ∀t, (16⋆)

where

x1
t =

ζ

1 + β
(wt − τt) , x⋆,1

t =
ζ

1 + β

(w⋆
t − τ ⋆

t )

ht

, (17)

y1
t =

1 − ζ

1 + β
ht (wt − τt) , y⋆,1

t =
1 − ζ

1 + β
(w⋆

t − τ ⋆
t ) , (18)

x2
t = ζ (1 + it) (kt + b − φt) , x⋆,2

t = ζ

[

1

ht

(1 + i⋆t ) (k⋆
t + b⋆) + (1 + it)φt

]

, (19)

y2
t = (1 − ζ)ht (1 + it) (kt + b − φt) , y⋆,2

t = (1 − ζ) [(1 + i⋆t ) (k⋆
t + b⋆) + ht (1 + it)φt] .

(20)

Accordingly, Home’s trade balance is defined as

x⋆,1
t + x⋆,2

t −
1

ht

(

y1
t + y2

t

)

, (21)

and shows the dependence of the trade balance on the terms of trade.

The motion of Home’s net foreign asset position reads as follows:

φt+1 = (1 + it) φt −

[

x⋆,1
t + x⋆,2

t −
1

ht

(

y1
t + y2

t

)

]

. (22)

Multiplying (16) by ht and (16⋆) by ζ/(1− ζ), subtracting the second from the first, and

inserting optimal consumption of households in Home and Foreign, gives the combined

product market clearing condition:

ht [M (kt)
αK (S)αP − kt+1] =

ζ

(1 − ζ)

[

M (k⋆
t )

αK (S⋆)αP − k⋆
t+1

]

. (23)

The expression in square brackets on the left hand side of (23) is Home’s net output

(≡ xt−kt+1) devoted to consumption by domestic and foreign households, and analogously

for Foreign on the right hand side. Thus, (23) states that the terms of trade are determined

by the proportion of net outputs in Home and Foreign, and by the (exogenously given)

expenditure shares for the domestic and the foreign good. If Home’s net output decreases

more than Foreign’s, the terms of trade must increase.

9



The dynamic system for the terms of trade, ht, and for the capital stocks in Home and

Foreign (kt+1 and k⋆
t+1 respectively) are thus described by Equations (9), (15), and (23).

2.4 Existence and Stability of Steady States

A steady state equilibrium of the discrete dynamical system (9), (15) and (23) occurs

when (h, k, k⋆) are stationary along the equilibrium path. (9) reduces to:

k⋆ = S̃k, S̃ ≡

(

S∗

S

)

αP

1−αK

. (24)

Inserting (24) into (23) yields for the steady state terms of trade:

h = S̃
ζ

1 − ζ
. (25)

Inserting (24) and (25) into (15), the following equation determines k:

k + ϑ(1 − σ) = MSαP kαK−1[σ(1 − αK)k − ϑσαK ], ϑ ≡ ζb + (1 − ζ)S̃−1b⋆. (26)

In general, it is not true that for any nonnegative M , S, and ϑ, as well as for admissible

αK , αP , and β, a non–trivial solution 0 < k < k̄ exists. k̄ is hereby defined as the

maximal k such that Home’s net output H(k) ≡ x(k) − k is zero, i.e. nothing is left for

consumption. The following proposition assures the existence of a finite upper bound of

ϑ and tells us about the number and nature of steady state solutions if ϑ is less, equal or

larger than the upper bound ϑ̄.7

Proposition 1 (Existence of steady states) For any admissible parameter set there

exists a ϑ ∈ R++ such that

(i) for ϑ < ϑ there are one trivial (k = 0) and two non–trivial steady states kL and kH

with 0 < kL < kH < k,

(ii) for ϑ = ϑ there are one trivial and one non–trivial steady state, and

7Note that the existence condition is the two–country analogy to Ono (2002, 82).
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(iii) for ϑ > ϑ there is only the trivial steady state.

Proof 1 see Appendix A.1.

45

H(k) + k

F (k) + k

kHkL κ k̄ > kL,H

Figure 1: Existence of two distinct steady states kL and kH

Figure 1 illustrates the first case of Proposition 1. The graph depicts the relationship

0 = F (k) ≡ MSαP kαK−1 [σ(1 − αK)k − ϑσαK ]−ϑ(1−σ)− k as implicitly given by (26).

Since this function cuts the 45◦ line twice, there are two non–trivial steady states, a lower

one kL, and a higher one kH .8 If ϑ = ϑ̄, the graph of F (k) + k were shifted downwards

such that the 45◦ line is tangential to F (k) + k and hence only one non–trivial steady

state exists.

In investigating the stability of the two equilibria, we calculate the eigenvalues λi and the

eigenvectors vi = (vh
i , vk

i , v
⋆
i )

T , (i = 1, 2, 3) of the Jacobian J (h, k, k⋆) at these two steady

states.9 For the economically most interesting case ϑ < ϑ, the lower steady state kL is

saddle path unstable (therefore we do not explicitly calculate the eigenvectors for this

8κ on the abscissa of the diagram in Figure 1 is needed in the proof of Proposition 1 for ensuring that

F (k) + k has unitary slope.
9The elements of the Jacobian in the stationary state are given in the Proof of Proposition 2 (see

Appendix).
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case), while the higher steady state kH is saddle–path stable, i.e. the three eigenvalues

are λ1 > 1, λ2 ∈ (0, 1), and λ3 ∈ (0, 1).10 This result is summarized in Proposition 2.

Proposition 2 (Stability of steady states) For ϑ < ϑ, the eigenvalues λi of the Ja-

cobian are given by λ1 = (1 + i)/αK , λ2 = αK , and λ3 = σ(1−αK) (1 + i) (1 + ϑ/k). For

k = kL, λ1 > 1, λ2 ∈ (0, 1), and λ3 > 1 and hence kL is saddle path unstable. For k = kH ,

λ1 > 1, λ2 ∈ (0, 1), and λ3 < 1 and hence kH is saddle path stable. The eigenvectors

vi = (vh
i , vk

i , v
⋆
i )

T (i = 1, 2, 3) associated with the stable eigenvalues (i = 2, 3) are:

v2 =

(

−
h

k
,

1

αK

+ δ, S̃δ

)T

, v3 =
(

0, 1, S̃
)T

,

where δ =
ζb(1 − σ + σλ1)

k(αK − λ3)
.

Proof 2 see Appendix A.2.

3 The Effects of Home’s Unilateral Permit Reduction

on Terms of Trade and Capital Accumulation

Let us now turn to the initial focus of this paper—the consequences of a unilateral permit

reduction for terms of trade and capital accumulation. The repercussions of unilateral

climate policy on trade, output and growth are a major concern of policymakers and in-

dustry. Effects on output and growth are investigated in several multi–region multi–sector

static computable general equilibrium studies. They unanimously find that those coun-

tries which unilaterally reduce their climate policies experience declining output leading

to macroeconomic contraction (e.g., Fischer and Fox, 2007; Proost and Van Regemorter,

2004; Kuik and Gerlagh, 2003). However, due to their static set–up these models are not

suitable to investigate short term and transitional effects of a unilateral permit reduction.

10If ϑ = ϑ holds, the dynamic system undergoes a saddle–node bifurcation at a single steady state.

The eigenvalues of the Jacobian evaluated at this steady state are as follows: the first is larger than one,

the second eigenvalue equals αK and the third is equal to unity.
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Regarding the effects on the terms of trade, results are more ambiguous. For instance,

Kuik and Gerlagh (2003) find that non–reducing countries can experience a terms of

trade deterioration because of the declining import demand by the unilaterally reducing

country. If they are, on the other hand, able to increase their exports, their terms of

trade can improve. In a model of differentiated climate change policies in the European

Union, Proost and Van Regemorter (2004) argue that countries with a high reduction

target experience improving terms of trade (while countries with a lower reduction target

are confronted with deteriorating terms of trade).

In this section, we intend to deepen the understanding of the transmission channels of

unilateral permit reduction in the following way. First, we investigate the transitional

and steady state effects of a unilateral permit reduction on the terms of trade and explain

them by shifts in the trade balance and in output. By this approach, we are able to

distinguish several channels which impact on the terms of trade. Secondly, we analyze

the effects on domestic and foreign capital accumulation again in the steady state and

during the transition.11

To pursue this objective, we assume that Home implements a more stringent permit

policy (S ↓) in period t0 while the permit policy of Foreign remains unchanged at S⋆. We

further assume that the shock is unannounced and permanent, thus ruling out anticipatory

behavior on the part of households and firms prior to the shock (e.g., by adjusting their

saving decision).

3.1 Derivation of Transitional and Steady State Effects

In the shock period, denoted by t0, the capital stocks remain at the old steady state value,

kt0 = kH and k⋆
t0 = k⋆,H . To analyze the impact of a decline in S on the terms of trade

during the transition, we approximate the equilibrium paths (9), (15) and (23) linearly

11Note that effects on foreign capital accumulation are influenced by the assumption of immobile factors

of production: production cannot be relocated across countries, but government bonds can.
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around the new steady state. The approximation around (h, k, k⋆) =
(

hH , kH , k⋆,H
)

yields:

ht = h

{

1 +
αK

k

[

(k − kt) +
(k⋆

t − k⋆)

S̃

]}

, (27)

kt+1 = kt + αK

[

1 − αK

αK

− δ(λ3 − αK)

]

(k − kt) +

+(1 + αKδ)(λ3 − αK)
(k⋆

t − k⋆)

S̃
, (28)

k⋆
t+1 = k⋆

t + αK

[

(1 − λ3)

αK

− δ(λ3 − αK)

]

(k⋆ − k⋆
t ) + αKδS̃(λ3 − αK)(k − kt), (29)

whereby k0 and k⋆
0 are exogenously given, and δ is defined according to Proposition 2.

To determine the steady state effects of a marginal reduction of S, we totally differentiate

(24), (25), and (26), with respect to S:

Proposition 3 (Steady state effects) An infinitesimal change of S leads to a shift of

the equilibrium along the gradient given by











dh

dk

dk⋆











=
αP

1 − αK











−h

k(1 + γ)

k⋆γ











dS

S
(30)

where γ ≡
ζb(1 − σ + σλ1λ2)

k(1 − λ3)
and γ > 0, for k = kH .

Proof 3 see Appendix A.6.

3.2 Effects on Home’s Terms of Trade

We start our discussion by considering the effects on the terms of trade in the shock

period before proceeding to the steady state effects. Evaluating (27) at t = t0 and the

new steady state (h, k, k⋆) =
(

ĥ, k̂, k̂⋆

)

yields for h in the shock period:

ht0 = ĥ

[

1 + αK

kt0

k̂
(S̃−1 − 1)

]

. (31)
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Knowing that αKkt0/k̂ is less than unity and (S̃−1 − 1) is negative and since the new

stationary state value of h, denoted by ĥ, is increased by a reduction in S, ht0 increases,

too, but less than ĥ. Thus, while jumping upwards, ht0 does not overshoot its new steady

state value.

To understand this improvement of the terms of trade, assume on the contrary that the

terms of trade would not change in the shock period t0. Furthermore, it is convenient to

assume that in the pre–shock steady state the Golden Rule holds (i = i⋆ = 0).12 Since the

capital stocks are fixed in the shock period, according to (1)–(3), the permit price et0 in-

creases while the wage rate wt0 and the interest rate it0 decline. Moreover, domestic output

declines while foreign output remains unaffected. Young households experience a reduc-

tion in net wages (wt0 − τt0), and the wealth of old households, (1 + it0) (kt0 + b − φt0),

also declines. According to (17)–(20), consumption of the domestic and the foreign good

is reduced by Home’s young and old household. By similar reasoning in Foreign, young

households’ consumption of the domestic and the foreign good are unaffected, but old

households consume slightly more of the Foreign and the Home good. Since Home’s ex-

ports increase and her imports sharply fall a surplus arises in Home’s trade balance (see

(21)). Since, by assumption, Home is a net creditor (φt0 < 0), and acknowledging that

in the steady state the trade balance is equal to iφ (see (22)), her trade balance has to

become negative. Consequently, Home’s terms of trade cannot remain unchanged but

have to improve in the shock period to yield a deficit in the trade balance in the new

steady state.13

In period t0 +1, the terms of trade continue to rise. In particular, both capital stocks fall

(see next section below for details) and both interest rates rise. But since the permit level

remains at its new lower value, the domestic interest rate starts from a lower level than

the foreign rate in the shock period (see (1) and (1⋆)). Hence, it follows from (8) that

ht0+1 > ht0. The trade balance continues to deteriorate because Home’s exports fall while

12This assumption is not essential for the argument but eases exposition.
13As a consequence of log–linear utility functions, terms of trade elasticities of export and import

demand functions are unity and hence the Marshall–Lerner conditions are fulfilled: if the terms of trade

increase the trade balance deteriorates.
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the imports increase modestly due to the terms of trade improvement and the negative

capital stock effect. In the following periods, however, the positive terms of trade effect is

dominated by the negative capital stock effect and hence the deficit in the trade balance

decreases towards its new steady state value.

Regarding the steady state effects, Proposition 3 states that a permanent decline in the

permit volume of Home (S ↓), leads to an improvement in the equilibrium terms of

trade. This can also be seen from (25) where a reduction in S leads to an increase

in S̃ and therefore the terms of trade improve. Investigating (23) reveals that Home’s

output devoted to domestic and foreign consumption falls by more than in Foreign. Since

moreover the expenditure shares for the domestic and the foreign good are exogenously

given (zero substitution effect), the terms of trade have to improve. Thus, Home’s terms

of trade improve both during the transition and in the new steady state, the foreign good

in units of the domestic good becomes cheaper. One important observation is, however,

that the export shares along with the import shares increase during the transition despite

or even because of the fall in domestic output. Thus, absolute quantities of exports,

imports and output fall, but because output falls the most, export and import shares

increase over time.

3.3 Effects on Capital Accumulation

While capital stocks are not affected in the shock period, the capital stocks adjust in the

post–shock period t0 + 1. Solving (15) and (23) simultaneously for kt+1 and k⋆
t+1, taking

the total differentials of Home’s and Foreign’s capital stocks in t0 + 1 with respect to S,

and evaluating the total differentials at the initial steady state (h, k, k⋆) yields:

dkt0+1

dS
= αPM (kt0)

αK (S)αP−1 [ζ(1 − αK)σ + (1 − ζ)]+

+
ζ

(ht0)2
{M (k⋆

t0)
αK (S⋆)αP [1 − (1 − αK)σ] + b⋆ (σi⋆t0 + 1)}

dht0

dS
, (32)

16



dk⋆
t0+1

dS
= −(1 − ζ)αPM (kt0)

αK (S)αP−1 [1 − (1 − αK)σ]−

− (1 − ζ) {M (kt0)
αK (S)αP [1 − (1 − αK)σ] + b⋆ (σit0 + 1)}

dht0

dS
. (33)

Investigating (32) we find two opposing effects: the first positive direct effect increasing

the capital stock (holding ht0 fixed), and the second negative effect induced by the fall

in the terms of trade (dht0/dS < 0). However, utilizing the linear approximation of the

equilibrium dynamics (28), it is easy to see that the first effect dominates the second since

(28) can be reduced to kt0+1 − kt0 = (1 − λ3)(k − kt0), and (1 − λ3) > 0 and dk/dS > 0.

Thus, Home’s capital stock declines in the post–shock period as a consequence of a fall in

S. On the other hand, according to (33), in Foreign the direct effect on the capital stock

is negative while the terms of trade effect is positive. Using the linear approximation (29),

which can be reduced to k⋆
t0+1 − k⋆

t0 = (1 − λ3)(k
⋆ − k⋆

t0), it is apparent that the second

effect dominates and thus a fall in S leads to a decline in Foreign’s capital stock too.

Regarding the steady state effects, a permanent decline in the permit volume of Home

(S ↓) leads to a decline in both the equilibrium values of k and k⋆ (see Proposition 3).

This can also be seen from (26): since ϑ decreases along with a decline in S, k has to

fall. By inspecting (24), we see that the foreign capital stock is influenced by the increase

in S̃ and the fall in k, with the net effect being negative according to Proposition 3

since γ > 0. Thus, capital accumulation is also impaired in Foreign, but less than in

Home. Intuitively, the capital stocks decline because the S shock reduces steady–state

net wages and thereby domestic savings. In order to restore equilibrium, capital stocks in

both countries must decrease and the interest rate must increase. Since Home’s capital

stock falls by more than Foreign’s, the steady–state terms of trade have to increase. In

other words, unilateral permit reduction causes a reduction in capital accumulation in the

post shock period and during the transition towards the new steady state. These can be

regarded as the macroeconomic costs of environmental regulation.

It is interesting to observe that a reduction in the capital stocks and in Home’s permit

volume leads to a reduction in Home’s and Foreign’s output. The prices of permits

increase in Home and the real interest rates increase in both Home and Foreign. Due
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to (8), interest rates are balanced across Home and Foreign. Moreover, the wage rate

declines and the transfers to the households fall. As a consequence, in Home, both young

household’s net income and old household’s wealth fall. However, since the terms of trade

improve, the foreign good becomes relatively cheaper for Home’s households. Thus, by

evaluating (17)–(20) at the steady state, we find that young households’ consumption of

domestic and foreign goods is reduced, as is old households’ consumption of the domestic

good (but less severely than for the young because the rise in interest payments leads to

a modest increase in wealth), while the old households’ consumption of the foreign good

increases. Thus, a unilateral permit reduction policy leads to a redistribution of wealth

from the young to the old households, and this effect is strengthened if Home is a net

creditor.

4 Welfare Effects of a Unilateral Permit Reduction

From the previous sections we know that a reduction in Home’s permit volume has a pos-

itive effect on Home’s terms of trade but negative consequences on capital accumulation.

Hence, the question remains what the net effect of these forces is on domestic and foreign

welfare. One might tend to conclude that the net effect for welfare is ambiguous, but we

will show that this is not in fact the case. Since the transitional effects lead to rather

messy expressions, we focus on the steady state effects before tackling intuitive discussion

of transitional impacts.

4.1 Home’s Welfare Effect

In order to derive the welfare effect on Home of a shock in S, we use the indirect in-

tertemporal utility function U(x1, y1, x2, y2) ≡ V (w − τ, 1 + i, h) evaluated at the initial

steady state. After substituting from the household’s first order conditions ∂U/∂y1 =

∂U/∂x1(h)−1, ∂U/∂x2 = ∂U/∂x1(1 + i)−1, ∂U/∂y2 = ∂U/∂x1((1 + i)h)−1 and collecting
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similar terms, Home’s welfare effect is given by:

dV

dS
=

∂U

∂x1

{[

∂(w − τ)

∂k

dk

dS
+

∂(w − τ)

∂S

]

+ σ
w − τ

1 + i

[

∂(1 + i)

∂k

dk

dS
+

∂(1 + i)

∂S

]

+

+(1 − ζ)
w − τ

h

dh

dS

}

.

A change in Home’s intertemporal welfare can thus be decomposed into a change of the

net wage rate, of the interest factor, and of the terms of trade. After computing these

derivatives we can determine the sign of these partial effects:

[

∂(w − τ)

∂k

dk

dS
+

∂(w − τ)

∂S

]

=
αP

S
[(1 + i)(k + b)(1 + γ) + (w − τ − b)] > 0,(34)

σ
w − τ

1 + i

[

∂(1 + i)

∂k

dk

dS
+

∂(1 + i)

∂S

]

= −σγ
αP

S
(w − τ) < 0, (35)

(1 − ζ)
w − τ

h

dh

dS
= −

(1 − ζ)

(1 − αK)

αP

S
(w − τ) < 0. (36)

In line with the results for the case of unilateral fiscal expansion by Ono and Shibata

(2005), a country’s unilateral permit reduction affects its lifetime utility through three

channels: the negative wealth effect (34), the positive interest effect (35), and the positive

terms of trade effect (36). The first effect, the wealth effect is caused by a decrease

in Home’s household lifetime net income (see the discussion in the previous section).

The second effect is positive (the interest factor increases) and is caused by the reduced

capital accumulation. Ono and Shibata (2005, 223) call this positive effect a foreign asset

or intertemporal macroeconomic effect, since this effect cannot appear in static trade

models.14 The third effect is the positive terms of trade effect which is familiar from

the previous section. The total welfare effect of a unilateral reduction in Home’s permit

volume S is then given by

dV

dS
=

αP (1 + β)

S(w − τ)

{

γ [(1 + i)(k + b) − σ(w − τ)] +
(1 + i)k

αK

− (1 − ζ)
(w − τ)

(1 − αK)

}

. (37)

For the dynamically efficient case where Home is a net debtor (φ > 0), we are without

further assumption able to sign the net welfare effect as unambiguously positive. For the

14The foreign asset effect does not play any role in our model since in contrast to Ono and Shibata

(2005) in our model the terms of trade in Home are independent of the net foreign asset position of Home

(see (25)).
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opposite case of Home being a net creditor, however, the expression in square brackets in

(37) is generally negative and hence the net welfare effect can be signed unambiguously

only for the case of the Golden Rule (denoted by superscript 0) and if σ2(1 − αK)2 <

αK < σ(1− αK). Hence in both cases a cap on Home’s emissions permits reduces steady

state net welfare in Home.

Proposition 4 (Home’s welfare effect)

(i) Suppose that 1 + i ≥ 1 (dynamic efficiency). Then, for φ > 0, dV/dS > 0.

(ii) Suppose that, in accordance with Proposition 1, 0 < ϑ < ϑ and that there exists a

ϑ0 ∈ (0, ϑ) such that (1 + i0) = αKM(k0)(αK−1)SαP = 1 (Golden Rule). Then, for

φ < 0 and σ2(1 − αK)2 < αK < σ(1 − αK),

dV

dS

∣

∣

∣

∣

1+i=1

=
αP

S

(1 + β)

(1 − αK)
ζ

[

bαKφ0 + (k0)
2
(1 − λ0

3)
]

(k0)2 (1 − λ0
3)

> 0. (38)

Proof 4 see Appendix A.4.
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S shock

Figure 2: The transitional welfare effect: the wealth, interest, and terms of trade effect
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Figure 3: The transitional dynamics effects for Home’s welfare: the influence of the net

foreign asset position

Let us finally look at the transition towards the new steady state by means of numerical

illustration.15 Figure 2 decomposes the net welfare efect for Home and shows that the

wealth effect caused by an S–shock is clearly negative, while both the interest effect and

the terms of trade effects are positive. A first important observation is that the wealth

effect dominates the other effects (at least for economically plausible parameter values).

Secondly, the figure assumes that Home is a net debtor. If on the other hand Home were

a net creditor and the initial steady state complied with the Golden Rule (as assumed in

(ii) of Proposition 4), then the welfare effect in the shock period is stronger than if Home

were a net debtor (see Figure 3). In the new steady state, however, the opposite case

applies: the welfare effect is stronger for Home being a net debtor than as a net creditor.

Thus, for dynamic efficiency and with Home being a net debtor, as well as for the Golden

Rule and Home being a net creditor, a permit reduction in Home leads to a reduction in

Home’s welfare, both during the transition and in the steady state.

15The chosen parameter values for Home being a net creditor are as follows: β = 0.6, ζ = 0.5, M = 5,

αK = 0.3, αP = 0.1, S = S⋆ = 1, b = 0.1, b⋆ = 0.4. For the net debtor case, values of b and b⋆ are

permuted. To simulate the S shock, Home’s permit volume is reduced by 0.1. MATLAB is used to

numerically solve the dynamic system and to plot the graphs.
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4.2 Foreign’s Welfare Effect

Proceeding similarly as for Home, we derive the steady–state welfare effect for Foreign as:

dV ⋆

dS
=

∂U⋆

∂y⋆,1

{

∂(w⋆ − τ ⋆)

∂k⋆

dk⋆

dS
+ σ

(w⋆ − τ ⋆)

(1 + i⋆)

∂(1 + i⋆)

∂k⋆

dk⋆

dS
− ζ

(w⋆ − τ ⋆)

h

dh

dS

}

.

where

∂(w⋆ − τ ⋆)

∂k⋆

dk⋆

dS
=

αP

S⋆
[(1 + i⋆)(k⋆ + b⋆)(1 + γ)] > 0,

σ
(w⋆ − τ ⋆)

(1 + i⋆)

∂(1 + i⋆)

∂k⋆

dk⋆

dS
= −σ(1 + γ)

αP

S⋆
(w⋆ − τ ⋆) < 0,

−ζ
(w⋆ − τ ⋆)

h

dh

dS
=

ζ

(1 − αK)

αP

S⋆
(w⋆ − τ ⋆) > 0.

and, after acknowledging that i = i⋆ in the steady state:

dV ⋆

dS
=

αP (1 + β)

S(w⋆ − τ ⋆)

{

γ [(1 + i)(k⋆ + b⋆) − σ(w⋆ − τ ⋆)] + ζ
(w⋆ − τ ⋆)

(1 − αK)

}

. (39)

While the structure of the wealth effect is equivalent as to that in Home, the direct effects

on (w⋆ − τ ⋆) and (1 + i⋆) are absent and Foreign’s terms of trade, 1/h, deteriorate. To

determine the sign of the total Foreign welfare effect we distinguish again by Foreign’s

net foreign asset position. If Foreign is a net debtor (φ⋆ > 0), Foreign’s welfare, without

any further assumption, unambiguously declines with reduced S. In the opposite case, if

Foreign is a net creditor (φ⋆ < 0), we have to restrict our result to the case of the Golden

Rule and the restriction on the factor elasticity of capital.

Proposition 5 (Foreign’s welfare effect)

(i) Suppose that 1 + i⋆ = 1 + i ≥ 1 (dynamic efficiency). Then, for φ⋆ = −hφ > 0,

dV ⋆/dS > 0.

(ii) Suppose that, in accordance with Proposition 1, 0 < ϑ < ϑ and that there exists a

ϑ0 ∈ (0, ϑ) such that (1 + (i⋆)0) = αKM((k⋆)0)(αK−1)SαP = 1 (Golden Rule). Then,

for φ > 0 and σ2(1 − αK)2 < αK < σ(1 − αK),

dV ⋆

dS

∣

∣

∣

∣

1+i⋆=1

=
αP

S

(1 + β)

(1 − αK)
ζ

[

−bαKφ0 + (k0)
2
(1 − λ0

3)
]

(k0)2 (1 − λ0
3)

> 0. (40)
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Proof 5 see Appendix A.5

The economic significance of this is clear. Even if the foreign country refuses to implement

a more stringent permit policy she loses in terms of economic welfare, while the country

implementing a restrictive policy can pass on part of the negative welfare effects to other

economies. Moreover, this spillover effect is stronger if the country is a large open economy

because of the influence on the terms of trade, than if the country is a small open or a

closed economy.

4.3 Comparing the Welfare Effects of Home and Foreign

It now remains to be investigated which country is exposed to larger welfare losses. As

before, we will investigate the cases separately for φ > 0 and φ < 0. We furthermore

restrict the analysis to the case of dynamic efficiency, i.e. 1+i ≥ 1, 1+i⋆ ≥ 1. Proposition 6

verifies that the relative magnitude of the welfare effects in Home compared to Foreign

depends on the net foreign asset position of the countries.

Proposition 6 (Relative magnitude of welfare effect) Suppose that 1 + i ≥ 1 (dy-

namic efficiency). Then,

dV

dS
−

dV ⋆

dS
=

αP

S
(1 + β)

(1 + i)

(w − τ)
∆ (41)

where

∆ ≡ γφ

[

1 + h
(w − τ)

(w⋆ − τ ⋆)

]

+ b
i

(1 + i)

Depending on the sign of φ, two cases emerge:

(i) For φ > 0 ⇐⇒ φ⋆ < 0,
dV ⋆

dS
<

dV

dS
.

(ii) For φ < 0 ⇐⇒ φ⋆ > 0, and the Golden Rule case, where 1 + i = 1 + i⋆ = 1,

dV ⋆

dS

∣

∣

∣

∣

1+i=1

>
dV

dS

∣

∣

∣

∣

1+i=1

.
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Proof 6 see Appendix A.6.

Consequently, if Home is a net debtor and Foreign a net creditor, the effect of Home’s

permit policy on Foreign’s welfare is certainly smaller than on Home’s welfare. However,

where Foreign is a net debtor and the Golden Rule applies, the reverse case emerges, with

stronger welfare effects for Foreign than for Home.

To illustrate the economic rationale for these results assume that we start from the Golden

Rule in which the interest rate is zero. Through the S shock the interest rate becomes

larger than zero. Then, if Home is a net debtor, i.e. φ > 0, the wealth of Home’s

households falls by the interest payment on foreign debt and hence Home’s welfare loss

exceeds Foreign’s. On the other hand, if Foreign is a net debtor, i.e. φ⋆ > 0, wealth

of Home’s household rises by the interest payments on the credit to Foreign, and hence

Foreign’s welfare loss exceeds Home’s.

5 Summary and Conclusions

This paper investigates the effects of a unilateral reduction in emission permits on terms

of trade, capital accumulation and welfare in a two–good, two–country OLG model. We

first derive the intertemporal equilibrium dynamics of the terms of trade, and of Home’s

and Foreign’s capital stocks. The system exhibits in general two steady state solutions of

which the one associated with higher capital stocks in Home and Foreign is saddle path

stable.

When Home unilaterally reduces the cap on emissions, the terms of trade of the domestic

economy immediately jump upwards and continue to increase along the stable manifold

towards the new steady state. As a consequence, the purchasing power of domestic

households increases. With rising terms of trade, however, capital stocks are reduced in

both countries, but the contractionary effect is stronger in the country which reduces the

24



permit level. Thus, while both countries grow more slowly than without a more stringent

climate policy, domestic economic growth is affected more strongly.

To evaluate the net effect of rising terms of trade and falling capital stocks, we investigate

the welfare effect by deriving the total differential of the indirect intertemporal utility

function with respect to the number of permits distributed in Home. While the terms of

trade improvement is welfare enhancing, a more stringent permit policy also has welfare

consequences via factor prices: the wage rate declines, while the interest rate and the

permit price increase. In line with the literature, we call these partial effects the terms of

trade effect, the interest effect and the wealth effect. Our first important result is that the

total domestic welfare effect of a reduction in Home’s emission permits level is negative

but that the strength of the welfare decline is weaker (stronger) if Home is a net creditor

(debtor).

For Foreign, similar effects emerge: i.e. a terms of trade, a wealth, and an interest effect.

Two important differences compared to Home are that there is no direct effect of the

permit reduction (only indirect effects through capital stock adjustments), and that the

terms of trade effect is negative because Foreign’s terms of trade deteriorate. In analogy

to Home, Foreign’s total welfare effect is negative and the welfare decline is stronger if

Foreign is a net debtor and Home consequently a net creditor.

Our second important result emerges when comparing the relative strength of the welfare

decline between Home and Foreign caused by a reduction of Home’s permits. If Home

is a net creditor and Foreign thus a net debtor, welfare in Foreign declines more than

in Home. Thus, there is not only an international spillover effect induced by Home’s

unilateral policy, this spillover effect can also be stronger than the domestic effect. The

intuition for this result lies in the openness to international trade: if a country’s economy

is closed, then all of the effects of a permit reduction are domestic while an open economy

shares some of the costs (in terms of reduced capital accumulation and welfare) with

trading partners. If, moreover, the country is a large economy, as in our model, it can

influence the terms of trade (which improve) leading to additional scope for international

spillover.
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Some interesting lessons can be drawn from our theoretical analysis. First, a unilateral

reduction in emission permits has positive consequences for terms of trade and interest

rates in the reducing country. Analyzing the total welfare effect reveals, however, that con-

tractionary forces of reduced capital accumulation outweigh these positive effects. Thus,

attempts to mitigate climate change lead to intertemporal welfare losses, delivering an ob-

vious explanation for why climate policy has only been implemented with great hesitation

in the past.

Second, welfare losses for the country which unilaterally reduces its emission permits

differ. They are smaller for large net creditor countries (like the European Union and

many other industrialized regions) than for net debtor countries (like the United States).

Thus, the European Union as a large net creditor to the world economy can restrict carbon

emission more easily than if it were a net debtor.

Third, and most important, if the country which unilaterally reduces her emission permits

is a net creditor, her own welfare loss remains below that of the non–reducing country. The

policy implication of this last result is clear: even if the United States decides not to set a

stricter cap on its emissions, but the European Union does, the United States experiences

larger welfare losses. It should therefore be in the United States’ interest to agree on an

internationally coordinated climate policy, particular in regard to the European Union

and other Annex–I countries.

There are several routes available for future research. International trade could be enriched

in our model by having production of both goods in each country. Furthermore, we could

examine the influence of unilateral permit reduction in one country on emissions in the

other country to address carbon leakage and international policy interaction. Another

extensions of our study would consist of a comparison between alternative permit systems

or of complementary policies to reduce welfare losses, like border tax adjustments.
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A Appendix

A.1 Proof of Proposition 1

Let φ(ϑ) ≡ F (K(ϑ), ϑ) whereby K(ϑ) is the solution of the equation Fk(k, ϑ) = 0 for a given

value of ϑ. Since (i) Fk(k, ϑ) is a continuous and strictly decreasing function, (ii) limk→0Fk(k, ϑ) =

∞, and (iii) limk→∞Fk(k, ϑ) = −1, an intermediate value theorem ensures for each ϑ the ex-

istence of a κ which solves Fk(k, ϑ) = 0. Moreover, the solution is unique since Fkk(k, ϑ) < 0.

Hence, κ = K(ϑ). Note also that K(ϑ) is a strictly increasing function because Fkk(k, ϑ) < 0

and Fkϑ(k, ϑ) > 0. Since Fϑ(k, ϑ) < 0, an envelope theorem implies that φ(ϑ) is a strictly de-

creasing function with φ(0) > 0 and limϑ→∞φ(ϑ) < 0. Continuity of φ(ϑ) implies the existence

of ϑ such that φ(ϑ) = 0. For ϑ ∈ [0, ϑ), φ(ϑ) > 0, while φ(ϑ) < 0 for ϑ ∈ [ϑ,∞). �

A.2 Proof of Proposition 2

In order to get information about the stability of the two non–trivial steady states (see Propo-

sition 1), we calculate the eigenvalues of the Jacobian of the system (9), (15) and (23) in the

steady state (h, k, k⋆):

J|(h,k,k⋆) =











j11 j12 j13

j21 j22 j23

j31 j32 j33











|(h,k,k⋆)

where

j11 =
∂ht+1

∂ht

= 1 + (1 − αK)
H

k
,

j12 =
∂ht+1

∂kt

=
(1 − αK) (1 + i)h

k
,

j13 =
∂kt+1

∂k⋆
t

= −
(1 − αK) (1 + i)h

k⋆
,

j21 =
∂kt+1

∂ht

=
(1 − ζ)H − ζφ

h
,

j22 =
∂kt+1

∂kt

= (1 + i)

[

1 − ζ + ζσ(1 − αK)

(

1 +
b

k

)]

,
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j23 =
∂kt+1

∂k⋆
t

= −(1 − ζ)(1 + i)S̃−1

[

1 − σ(1 − αK)

(

1 +
b⋆

k⋆

)]

,

j31 =
∂k⋆

t+1

∂ht

=
ζ

h
S̃(H + φ),

j32 =
∂k⋆

t+1

∂kt

= −ζ(1 + i)S̃

[

1 − σ(1 − αK)

(

1 +
b

k

)]

,

j33 =
∂k⋆

t+1

∂k⋆
t

= (1 + i)

[

ζ + (1 − ζ)σ(1 − αK)

(

1 +
b⋆

k⋆

)]

,

and H ≡ H(k) = 1+i
αK

k − k.

To calculate the eigenvectors and eigenvalues of J we write down the determining equation

(J − λiI)vi = 0 as follows (where I denotes the identity matrix):

(J − λiI)vi =











j11 − λi j12 j13

j21 j22 − λi j23

j31 j32 − λi j33 − λi





















vh
i

vk
i

v⋆
i











=











0

0

0











.

Subtracting the second row S̃ times from the first row and multiplying the first row by k/(1−αK)

yields the following equivalent equation











k
(1−αK )(1 − λi) + H (1 + i)h −(1 + i)hS̃−1

j21 j22 − λi j23

− S̃H
h

S̃[λi − (1 + i)] (1 + i) − λi





















vh
i

vk
i

v⋆
i











=











0

0

0











.

Adding the first row 1
h
S̃ times to the last row we get











k
(1−αK )(1 − λi) + H (1 + i)h −(1 + i)hS̃−1

j21 j22 − λi j23

kS̃(1−λi)
(1−αK )h S̃λi −λi





















vh
i

vk
i

v⋆
i











=











0

0

0











.

Finally subtracting the third row S̃−1 (1+i)h
λi

times from the first row leads to











˜j11 0 0

j21 j22 − λi j23

kS̃(1−λi)
(1−αK)h S̃λi −λi





















vh
i

vk
i

v⋆
i











=











0

0

0











, (44)

with ˜j11 = H + (1−λi)k
(1−αK

[

1 − 1+i
λi

]

. Equation (44) can be solved if and only if the determinant of

its matrix vanishes, i.e. if either
∣

∣

∣

∣

∣

∣

j22 − λi j23

S̃ −1

∣

∣

∣

∣

∣

∣

= 0, (45)
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or

˜j11 = 0. (45’)

Case I Using the definition of j22 and j23, equation (45) straightforwardly leads to

λ3 = j22 + S̃j23 = (1 + i)σ(1 − αK)

[

1 +
ϑ

k

]

.

To determine its corresponding eigenvector, we use (44). Because of ˜j11 6= 0, it follows

that vh
3 = 0, and thus (44)





(j22 − λ3) j23

S̃λ3 −λ3









vk
3

v⋆
3



 =





0

0



 ,

with the stated solution as can be seen as follows: The first row leads to v⋆
3 = S̃vk

3 and

the second row is then solved identically due to the value of λ3, i.e. we can choose vk
3 = 1.

Case II From equation (45’) we know that ˜j11 = 0 if and only if

H

k
+

(1 − λi)

(1 − αK

[

1 −
1 + i

λi

]

= 0. (46)

Since H/k = (1+i)/αK −1, it follows from (46) that the eigenvalues are λ1 = (1+i)/αK >

1 and λ2 = αK .

The corresponding eigenvector to λ2 = αK can be found as follows: j̃11 = 0 implies that

vh
2 can be chosen freely, so for instance take vh

2 = h
k
. Therefore (44) reduces to





(j22 − αK) j23

S̃αK −αK









vk
2

v⋆
2



 =





−j21
h
k

−S̃



 ,

The second row yields v⋆
2 = S̃

(

vk
2 + 1

αK

)

. The first row yields

(j22 − αK) vk
2 + j23S̃

(

vk
2 +

1

αK

)

= −j21
h

k
,

after substituting for the third eigenvalue λ3 = (1 + i)σ(1 − αK) [1 + ϑ/k], the second

element of the second eigenvector is

vk
2 =

1 − λ3/k + ζb/k [1 − σ + (1 + i)σ/αK ]

λ3 − αK

.

�
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A.3 Proof of Proposition 3

The total differential of (24), (25), and (26), with respect to S using

d

dS̃
=

dS

dS̃

d

dS
=

αK − 1

αP

S

S̃

d

dS

can be calculated as follows:

dh

dS̃
=

ζ

1 − ζ
=

h

S̃
, (47)

dk⋆

dS̃
= k + S̃

dk

dS̃
. (48)

Differentiation of (26) with respect to S̃ yields

S̃

k

dk

dS̃
=

A

B

where

A = ϑσαK(1 − αK)λ1 − σ(1 − αK)2kλ1 + (1 − ζ) b⋆

S̃
(1 − σ) + (1 − ζ) b⋆

S̃
σαKλ1

B = k − ϑσαKλ1k(1 − αK) − σ(1 − αK)kλ1αK .

(26) can be used to simplify A and λ3 (for its derivation, see Proposition 2) to simplify B as

follows:

A = −(1 − αK)(k + ϑ(1 − σ)) + (1 − ζ) b⋆

S̃
(1 − σ + σαKλ1)

= ϑ(1 − σ + σαKλ1) − (1 − αK)ϑ(1 − σ) − (1 − αK)k − ζb(1 − σ + σαKλ1)

= ϑσαKλ1 + αK(k + ϑ(1 − σ)) − k − ζb(1 − σ + σαKλ1)

= σαK(1 − αK)λ1(ϑ + k) − k − ζb(1 − σ + σαKλ1)

= k(λ3 − 1) − ζb(1 − σ + σαKλ1),

B = k − σαK(1 − αK)λ1(ϑ + k) = k(1 − λ3),

and hence
S̃

k

dk

dS̃
= −

(

1 +
ζb(1 − σ + σλ1λ2)

k(1 − λ3)

)

. (49)

Using the auxiliary function γ, equations (47)–(49) can be summarized in vector notation :











dh

dk

dk⋆











=













h

S̃

−
k

S̃
(1 + γ)

−γk













dS̃ =
αP

1 − αK

S̃

S













−
h

S̃
k

S̃
(1 + γ)

γk













dS

which brings forth the stated result. �
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A.4 Proof of Proposition 4

(i) For φ > 0, i.e. k + b − s = φ > 0 we get (1 + i)(k + b) > k + b > s = σ(w − t). Therefore,

using (37) and acknowledging that (w − τ) = ((1 − αK)/αK)k − bi,

dV

dS

∣

∣

∣

∣

φ>0

≥
αP (1 + β)

S(w − τ)

{

(1 + i)k

αK

− (1 − ζ)
(w − τ)

(1 − αK)

}

=
αP (1 + β)

S(w − τ)

{

ζ
(1 + i)k

αK

+ (1 − ζ)
bi

(1 − αK)

}

> 0.

(ii) At the Golden Rule, denoted by 0, the net wage is given by (w0 − τ0) = ((1−αK)/αK)k0.

Then, dV /dS|1+i=1 simplifies to:

dV

dS

∣

∣

∣

∣

1+i=1

=
αP

S

(1 + β)

(w0 − τ0)

{

γ0φ0 + ζ
k0

αK

}

. (50)

To derive (38), we substitute for γ0 = ζb/(k0(1 − λ0
3)) in (50).

The Golden Rule k0 follows from (1 + i0) = αKM
(

k0
)(αK−1)

SαP = 1 and (26):

k0 =
αK ϑ0

σ(1 − αK) − αK

,

where k0 > 0 ⇔ σ(1 − αK) > αK . Furthermore, φ0 = (1 − ζ)
[

b − b⋆/S̃
]

, and λ0
3 =

σ2(1 − αK)2/αK . For k0 > 0,

(

k0
)2

(1 − λ0
3) =

αK

(

ϑ0
)2 [

αK − σ2(1 − αK)2
]

[σ(1 − αK) − αK ]2
> 0

and hence αK > σ2(1−αK)2. Thus, αK is bounded from above and below: σ2(1−αK)2 <

αK < σ(1 − αK).

Since φ0 = b − ϑ0 < 0, it follows that b < ϑ0. According to (38), dV/dS|1+i=1 > 0 if and

only if:

αKb(b − ϑ0) +
αK

(

ϑ0
)2 [

αK − σ2(1 − αK)2
]

[σ(1 − αK) − αK ]2
> 0, (51)

where the first term is negative while the second can be signed positive. To evaluate

the magnitude, we define an auxiliary function Φ(b) ≡ b(b − ϑ0). Since Φ(b) = 0 for

b = 0 ∨ b = ϑ and since Φ(b) is convex in b, Φ(b) is minimal for b ≥ 0 at bmin = b⋆S̃−1/2.

Evaluating (51) for b = bmin, it is necessary (51)> 0,∀b ≥ 0 that

αK

(

b⋆S̃−1
)2

4 [σ(1 − αK) − αK ]2

{

(2 − ζ)2
[

αK − σ2(1 − αK)2
]

− (1 − ζ) [σ(1 − αK) − αK ]2
}

> 0.
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To show that this condition holds, we utilize that (2 − ζ)2 > (1 − ζ) and furthermore,

since σ2(1 − αK)2 < αK < σ(1 − αK),

[

αK − σ2(1 − αK)2
]

> [αK − σ(1 − αK)] > [σ(1 − αK) − αK ]2 .

Thus,(51)> 0,∀b ≥ 0 and, consequently, dV/dS|1+i=1 > 0. �

A.5 Proof of Proposition 5

(i) In analogy to part (i) of the Proof of Proposition 4, for φ < 0, i.e. k⋆ + b⋆ − s⋆ = φ⋆ > 0,

we get (1 + i)(k⋆ + b⋆) > k⋆ + b⋆ > s⋆ = σ(w⋆ − t⋆). Therefore, using (39), dV ⋆/dS > 0.

(ii) At the Golden Rule we know that (1 + (i⋆)0) = 1, and hence ((w⋆)0 − (τ⋆)0) = ((1 −

αK)/αK)(k⋆)0. Furthermore, (k⋆)0 = hk0. To derive (40), we substitute for γ0 =

ζb/(k0(1−λ0
3)) in (39). In analogy to part (ii) of the Proof of Proposition 4, dV ⋆/dS|1+i=1 >

0 if φ > 0 and σ2(1 − αK)2 < αK < σ(1 − αK). �

A.6 Proof of Proposition 6

From (13), φ⋆ = −φ h and furthermore h > 0. To derive (41), we subtract (39) from (37) and

utilize that [(1 + i)(k + b) − σ(w − τ)] = (1+i)φ+σi(w−τ), (w−τ) = (1−αK)/αK(1+i)k−bi,

and analogously for Foreign. In accordance with Propositions 4– 5 we distinguish two cases.

Case i (φ > 0 ⇐⇒ φ⋆ < 0) : Since φ > 0, ∆ > 0 and hence dV ⋆/dS < dV/dS.

Case ii (φ < 0 ⇐⇒ φ⋆ > 0) : Since φ < 0 and knowing that in the Golden Rule i = 0, ∆ < 0

and hence dV ⋆/dS|1+i⋆=1 > dV/dS|1+i=1. �
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