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1. Introduction

“Theories ultimately rise and fall on their ability to organize and interpret facts.”
(Cochrane, 2011, p.566)

In the aftermath of the financial crisis, new-Keynesian (NK) theory has fallen on hard
times. Once being a pillar of macroeconomics, in particular monetary economics, it has
been criticized on both the theoretical and the empirical ends. Consider the workhorse NK
model with rational expectations and active monetary policy, and the cut in interest rates
from 5.25% in 2007 to 0.25% by the end of 2008 (cf. Figure 1). Interpreting this cut as an
exogenous but transitory monetary policy shock, the NK model predicts a counterfactual
rise of inflation to more than 4 percent. Others would argue that the fall in interest rates
is a response to some other shock, usually to the natural rate. But then the subsequent
episode of an apparently binding zero-lower bound (ZLB), which is referred to as the
zero-interest-rate policy (ZIRP) period, intensified the criticism. If the economy entered
a liquidity-trap scenario, the NK model would predict a deep recession with deflation
(cf. Werning, 2012; Cochrane, 2017b). But nothing happened. If anything, core inflation
(excluding food and energy) declined moderately to values around 1 percent in 2010. So
what happened? Is the Taylor principle applicable in a world where interest rates stopped
moving more than one-for-one with inflation? Cochrane (2017a) shows that alternative
doctrines, including old-Keynesian models and the monetarist view, fail in explaining the
ZIRP period, when the Fed drastically decreased interest rates and embarked on immense

(unconventional) open market operations.
[insert Figure 1]

So the open question is on the ability of the NK model to organize our thoughts and
interpret the recent facts. Is the ‘neo-Fisherian’ hypothesis, which says that inflation and
interest rates are positively related, consistent with the predictions of the NK model? How
can short-term interests rates be lowered to near zero values without inflation picking up
as predicted by standard arguments? Despite the Fed Funds rate being kept near zero
through 2015, why does CPI inflation rebound in 2011 to values around 2 percent? Central
to those questions is the ability to replicate the yield curve, which from the expectation
hypothesis relates to the market perceptions about future interest rates. In this paper we
study whether the large cuts may have triggered changes in long-run rates.

Our contribution is to show that the ability to explain the facts crucially depends on
the way we interpret and solve the model. We take a fresh look at the standard NK model
under active monetary policy and show (i) that it supports both a negative and a positive
response of inflation to ‘monetary policy shocks’. Our broader interpretation of monetary

policy includes temporary and/or permanent components, such that a large interest rate



cut may affect both ends of the yield curve. In this paper, we hypothesize that changes in
constant long-run target rates can be triggered by concrete policy action, and do reflect
changes in the conduct of monetary policy. Our strategy accounts for the enlarged set of
policy instruments of the monetary authority. We provide economic intuition why higher
interest rates might temporarily lower inflation, before eventually raising it. We also show
(ii) that some counterfactual predictions are due to the approximation of the model around
a zero inflation target, and can be avoided by linearizing around positive trend inflation.
A nonlinear (and global) solution, which accounts for potentially highly nonlinear shock
processes, performs far better in capturing non-normal times including immobile interest
rates near zero and stable quiet inflation. A combination of target changes and preference
shocks may result into a ZIRP period, and by the same arguments, inflation may rebound
while interest rates being kept near zero values as a policy choice.

Our arguments are motivated by the strong empirical evidence of shifting end-points in
the yield curve, which may just reflect the private sector’s perception of the inflation target
(cf. Kozicki and Tinsley, 2001; Giirkaynak, Sack, and Swanson, 2005).! Tt also relates to
empirical evidence in the macro literature that the inflation target may not be ‘anchored’
but rather time-varying (cf. Ireland, 2007; Feve, Matheron, and Sahuc, 2010). Empirical
evidence for the US and Japan is also confirmative of the counteracting effects resulting
from transitory and permanent shocks to the interest rate (cf. Uribe, 2017). Moreover,
most theorist and practitioners share a believe that with short-term interest rates kept
near zero values for an extended period, an inflation target of, say, 2 percent would not
carry much credibility (Eggertsson and Woodford, 2003, p.142). Hence, changes in the
inflation target seems relevant for the ability of the NK model to explain the facts.

The quest on the ability of the NK model to explain the recent episodes has a deeper
motivation. It sheds light on whether new theories are required to reconcile the recent facts
with the theoretical predictions.? We aim for a parsimonious specification to organize our
thoughts and interpret the data, in particular, we are interested in the necessary conditions
for the NK model being capable of generating a negative short-run impact of interest
rates on inflation (Cochrane, 2017a). Considering both conventional and unconventional
monetary policy instruments, and accounting for nonlinearities, widely enlarges the ability
to explain the data beyond standard arguments. This is true even with inflation not
determined by the fiscal theory of the price level (FTPL), and staying in the determinacy
region of the model. While the FTPL seems a promising route, we show that the minimal
set of ingredients to explain the recent facts is the NK model with shocks.

In contrast to the ZLB literature, we focus on equilibria with active monetary policy,

!Linking the policy target rates to the long-end of the yield curve is not new and received increasing
attention (see Giirkaynak and Wright, 2012, and the references therein). Time-variation in the inflation
target is needed to capture the evolution of inflation expectations (cf. Del Negro and Eusepi, 2011).

2Del Negro, Giannoni, and Schorfheide (2015) show that the NK model with financial frictions predicts
a protracted decline in inflation following a rise in financial stress around 2008.



in which the enlarged set of policy instruments includes the long-run target rates. Our
simplifying assumption treats changes in the target rates as reflecting changes in the
conduct of monetary policy, e.g., unconventional monetary policy. This is not a paper on
the liquidity trap (among others Werning, 2012; Wieland, 2015; Cochrane, 2017b). We
do neither claim that the ZLB is not relevant nor that the ZIRP period reflected a policy
choice. This is an important empirical question, but beyond the scope of this paper. We
rather try to fill the gap in the literature by providing an investigation of the NK model
in non-normal times, when the simple approach fails. This is highly relevant since the
mode of criticism relates to the case that the ZIRP period reflected a binding constraint.
The bottom line is that changes in target rates (possibly through unconventional policies)
help to explain the recent episodes within the simple NK framework, while nonlinearities
play an important role to generate the ZIRP period as a policy choice.

The rest of the paper is organized as follows. First, in Section 2 we present the simple
NK model and explore the ability to explain the recent facts. In Section 3 we present the
full nonlinear analysis by introducing shocks, and show how near-zero interest rates can be
reconciled within the framework and may result as a policy choice. Section 4 concludes.

Further results and illustrations are available in an accompanying web appendix.

2. Simplified Framework

In this section we present the continuous-time specification of the standard NK model.
This simple framework is used to answer our questions regarding the qualitative effect of
the interest rate on inflation. In the next section we show how the equilibrium dynamics
follow from the standard micro-founded rational-expectation solution and shed light on
potential pitfalls when using the linearized dynamics around zero inflation targets.

The simplest version of the NK model reads:

dey = (i —ry—m)dt (1)
dmy = (p(my — 7ss) — kxy)dt (2)

This system shows the (log-)linearized equilibrium dynamics around a zero inflation target
rate mss = 0. The appearance of the inflation target m s in (2) ensures that the solution
of the simple model coincides with the nonlinear solution for ms # 0 (cf. Section A.7).
Here, x; is readily interpreted as the output gap (percentage deviations), i; is the nominal
interest rate, r; is the ‘natural interest rate’ which, in the absence of shocks, coincides with
the constant rate of time preference p, whereas s controls the degree of price stickiness
with kK — 0o as the frictionless (flexible price) limit, and 7; is inflation.

The equation (1) follows directly from the consumption Euler equation representing

the optimal investment /saving (IS) decision, often referred to as the IS curve, whereas (2)



is the NK forward-looking Phillips curve. Solving forward it expresses inflation in terms

of future output gaps,
My — Mg = /{/ e Pt dk.
t

Hence, the current rate of inflation and ezpected rate of inflation are the same in continuous
time. In this model it is useful to think of the path of expected future inflation and other
variables (e.g., marginal cost) determining events at time t.

We close the model by specifying a rule which determines the (equilibrium) interest
rates. In this perfect-foresight model both inflation dynamics and the output gap are fully
determined by the Taylor rule. In what follows we analyze two alternative setups, which

we refer to as the traditional feedback model:
i = @(my — Tes) +iss, ¢ >0, (3a)
and the partial adjustment model (following Sims, 2004; Cochrane, 2017b):
diy = 0(p(mr — mss) — (ix —iss))dt, 6 >0, (3b)

which reflects both a response to inflation and a desire to smooth interest rates. The rules
(3a) and (3b) show the attitude of the monetary authority towards either the long-run
nominal interest rate or the target of inflation (one target is isomorphic to the other). In
this paper, we consider the constant inflation target as a policy parameter. So we abstract
from specifying a specific process, but experiment with changes in target rates, reflecting
changes in the conduct of monetary policy. Empirically, variations in the target rates are
crucial for understanding the dynamics of yields (cf. Bauer and Rudebusch, 2017). One
potential interpretation of those changes is that economic agents infer target rates from
observed interest rate and inflation dynamics: A large interest rate cut may also trigger
a decrease in the long-run interest rate (or inflation) target.

The rule (3b) specifies an explicit time lag between the inflation rate m; and the policy
rate ;. The delay will be small if the parameter @ is large.> While the rule (3a) may seem
simpler, it has some undesirable properties in continuous time. Among others, the clear
distinction between inflation (expected future inflation) that the interest rate controls and

inflation that the Fed responds to vanishes in continuous time.

3Note that we can rewrite the partial adjustment model for > 0 as
t
it —iss = §(me — Tss) = (1/0) die/ dt & iy — iss = ¢0 / e R (mp — 7,4) dk,

which makes i; a state variable

’it = / (b(k)ﬂ't_k dk.
0



2.1. Can we rule out multiple equilibria?

In this section we study local determinacy. This is relevant because the indeterminacy
regions typically depend on the modelling frequency (Hintermaier, 2005). The findings for
the discrete-time model with a presumed modelling frequency cannot simply be translated
to different decision horizons, in particular to the continuous-time limit.

While the simple NK model with a feedback rule introduces the interest rate as a
control variable, the partial adjustment model makes the interest rate a state variable,
which is given by past inflation. Before we can meaningfully study shocks to the interest
rate it is important to answer the question about local determinacy (focusing on local
equilibria is not entirely uncontroversial, cf. Cochrane, 2011) and thus the possibility of
sunspot equilibria. For the ease of presentation, we set r; = p in this section.

This simple NK model with a feedback rule has no relevant state variables. The system
can be analyzed in terms of two equations (1) and (2) using (3a). A unique locally bounded

solution requires two positive eigenvalues of the Jacobian matrix (cf. Appendix A.8)*

Ay =

0 6—1
_/{ p ’

Hence, a necessary (and sufficient) condition for local determinacy is ¢ > 1. So the unique
locally bounded solution is x; = 0 and m; = 7, such that i; = 75, = p. In other words, a
negative (short-run) response of inflation to raising interest rates is not possible as long
as the monetary authority implements the Taylor principle. Any monetary policy shock,
which affects the policy targets, would be permanent and operates instantaneously. The
response of inflation is unambiguously positive. In this perfect-foresight model, interest
rates can be expressed in terms of future output gaps. We would also need to include a
serially correlated shock in order to generate transitional dynamics in the model.

In the simple NK model with partial adjustment, the only relevant state variable is
the interest rate (historically given inflation rates). We thus obtain the equilibrium values
for the output gap and the inflation rate as policy functions x; = x(i;) and 7 = m(iy).
The system can be analyzed in terms of three equations (1), (2) and (3b), where a unique

locally bounded solution requires two positive eigenvalues of the Jacobian matrix®

0 -1 1
As=| - p O
0 o0 -0

4The Jacobian matrix has tr(A1) = A\; + A2 = p > 0 and det(A;) = (¢ — 1)k is positive for ¢ > 1, thus
both eigenvalues have positive real parts, A; A2 = det(A1), such that Ay 2 = 2(p £ /p> — 4((¢ — 1)K)).

®Note that det(Az) = —k6(¢ — 1) which is negative for ¢ > 1. Further, we know that A\; + Xy + A3 =
tr(As) = p— 0 and A\ A2\s = det(As) = —k0(¢ — 1). Because a unique locally bounded solution requires
two positive eigenvalues, ¢ > 1 is necessary (and sufficient) to obtain determinacy in this model.



Again, a necessary (and sufficient) condition for local determinacy is ¢ > 1.

Having determined the conditions for determinacy we follow the convention and define
an active monetary policy if ¢ > 1 and refer to monetary policy as passive if ¢ < 1. One
caveat is that the model is linearized around zero inflation targets. As shown below, the

condition ¢ > 1 remains necessary for 7y, # 0 (no longer sufficient though).

2.2. Which policy instruments?

The recent episodes shed light on the set of central bank instruments. In fact, the nom-
inal interest rate, once considered as the most important (conventional) instrument, will
no longer be the sole determinant of monetary policy. A large body of literature and
anecdotal evidence show that unconventional policies, in particular forward guidance and
quantitative easing (QE), are important monetary policy instruments too. Unless one adds
financial frictions (e.g., Gertler and Karadi, 2011), or assumes imperfect substitutability
between different maturities (cf. Chen, Cirdia, and Ferrero, 2012), the NK model predicts
that arbitrary QE operations are irrelevant. This is important because inflation seems to
be unaffected by the large-scale asset purchase (LSAP) programmes. Hence, QE as such
is not considered a separate policy instrument.® In contrast, forward guidance, which
also includes the communication of the inflation target, has strong effects in the standard
NK model (Del Negro, Giannoni, and Patterson, 2015; Campbell, Fisher, Justiniano, and
Melosi, 2016). While the traditional policy instrument targets the short-term interest
rate, the unconventional policy measures are commonly targeting interest rates at higher
maturities (or the longer end of the yield curve).

Beside changing the short-term interest rate, the monetary authority may focus on
other maturities, in particular the long-end of the yield curve.” As the (constant) inflation
target is under the discretion of the monetary authority, there might be changes in its
perception by economic agents due to communication and/or other policy measures. In
what follows we consider the constant inflation target m,, as a policy instrument.® In our
analysis, a ‘target shock’ simply reflects (unexpected) changes to 7, which is interpreted
to representing a different ‘regime’, and thus may induce transitional dynamics.

There is also an important difference with respect to forward guidance for the two
Taylor rules specified in (3a) and (3b). Pure ‘communication’ about future policy induces
a reaction of the interest rate in the feedback model due to the effect on inflation, while

in the partial adjustment model interest rates are immobile on impact (pre-determined),

6As a caveat, LSAPs could affect term premia, a channel which is absent in the simple NK model and
will be discussed later. Moreover, the LSAPs could also affect agents expectations of the future course of
monetary policy (cf. Wright, 2012), which may be captured by ‘shocks’ to the long-run target rates.

"Swanson and Williams (2014) find that interest rates with a year or more to maturity were surprisingly
unconstrained and responsive to news throughout 2008 to 2010.

8Note that the simplifying assumption of constant target rates will not be relevant for our arguments.
Alternative approaches such as the regime-switching framework (see Sims and Zha, 2006), or time-varying
inflation targets (e.g., Ireland, 2007) would be more realistic, at the cost of more technical details.



e.g., with respect to changes to long-run targets. So an immediate challenge for empirical
research is to identify target shocks, and also to which extent an observed monetary policy

shocks contain information about (perceived) changes in long-run targets.

2.3. Do higher interest rates raise or lower inflation?

Following the discussion on the policy instruments we now address the question of whether
higher interest rates raise or lower inflation. In fact, the NK model for ¢ > 1 makes sharp
predictions regarding the link between interest rates and inflation, but at the same time
can explain both the short-run negative response and the long-run positive Fisher effect
(for an illustration of indeterminacy see Cochrane, 2017a). The minimal set of ingredients,
in a forward-looking general equilibrium framework with active monetary policy, ¢ > 1, to
produce a negative short-run impact of interest rates on inflation is the partial adjustment
model (without shocks).

[insert Figure 3]

In particular, for the partial adjustment model (and given 7g), the inflation rate is a
negative function of the interest rate (see Figure 3). The figure plots the initial inflation
rate (or current expected inflation) for different interest rates, which shows the short-run
negative relationship for given target rates. The intuition is that the interest rate depends

positively on the level of inflation, but negatively on its time derivative,
Iy = (b(ﬂ-t - ﬂ-SS) + lgs — 971 dlt/dt, 6> 0. (4)

For a given value di;/dt # 0, the larger the central bank’s desire to smooth interest rates
over time (the lower @), the larger the second effect: Suppose that after a contractionary
monetary policy shock i; > i, so the (after-shock) time-derivative of the interest rate is
negative di;/dt < 0, which reflects the slope of the impulse response function. Higher
interest rates are related to lower inflation rates, because the inflation rate is determined
by both the (long-run) Fisher relation and the mean reversion back to the target level. For
our parameterization, inflation falls by 0.5 percentage points on impact for an 1 percentage
point increase in interest rates. To summarize, the short-run response of inflation rates on
impact is negative, while the positive relationship (higher inflation targets imply higher
interest rates) is still given by the long-run Fisher relation i, = p + ;.

So what happens if central banks raise interest rates? If the increase is considered by
agents not only as temporary, but after all reflects a change in the bank’s policy targets,
inflation stability in the Fisher equation will result in higher long-run inflation. But can
higher permanent interest rates reduce inflation in the short run? Indeed this is possible if
the ‘target shock’ is accompanied by concrete policy action, i.e., a raise in the short-term

interest rate. In the partial adjustment model, this induces the traditional negative effect

7



on inflation, which may even dominate the long-run Fisher effect temporarily. However,
inflation cannot temporarily decrease in the simple feedback model. Because of the formal
peg — unless we add a persistent shock to the feedback rule — any temporary deviation
from the equilibrium instantaneously jumps back. Any temporary shock would evaporate,
and the interest rate will accommodate its equilibrium level (infinitely fast). Only for the

case where # < oo, any temporary change induces persistent equilibrium dynamics.
[insert Figure 5]

Let us consider a concrete example. Suppose that variables in the simple NK model
are at steady state and the inflation target ms, = 0.02 is lowered by 50 basis points (bp),
and the short-term interest rate is decreased by 250 bp. Hence, the observed concrete
policy action (or ‘monetary policy shock’) is 250 bp, but only a fraction 1/5 is permanent
leaving the remainder 4/5 being temporary and not reflecting changes in policy targets.
In the long run we expect lower inflation due to the Fisher relation, but temporarily the
traditional negative trade-off dominates the Fisher effect (cf. Figure 5). Our simulation
exercise shows that on impact the inflation rate increases to 2.5% and then both inflation
and interest rates accommodate their new equilibrium levels after about 10 quarters.

Obviously, the presented channel not a necessary condition for a temporarily negative
response of inflation. Another possibility is to add long-term debt and use the fiscal theory
to pin down the price level (following McCallum, 2001; Del Negro and Sims, 2015). As
shown in Cochrane (2017a), the FTPL produces a temporary reduction in the inflation
rate due to the decline in the nominal market value of the debt. Adding an interest
rate smoothing in the Taylor rule (3b) not only is simpler, it helps to avoid some of the
undesirable properties of the feedback model in continuous time.

This new perspective on ‘monetary policy shocks’ offers an alternative explanation for
the so-called ‘prize puzzle’ (going back to Sims, 1992; Eichenbaum, 1992).° At the risk
of oversimplifying: Higher short-term interest rates (Fed Funds rate) decrease inflation,

whereas higher long-run interest rates (inflation target) increase inflation.°

2.4. Can we explain the recent episodes?

In this section, we provide anecdotal evidence to study the ability of the simple NK
model to explain the recent episodes during the new century, including the financial crisis
episodes. First, to the unaided eye, the data suggests a reversal of the usual negative

tradeoff in the period 2001-2007, rather supporting the ‘neo-Fisherian’ hypothesis, which

9Similarly, a cost-channel in addition to the demand channel is likely to generate a positive response on
impact, but has little empirical support (see Castelnuovo, 2012, and the references therein). Castelnuovo
and Surico (2010) show that accounting for expected inflation may also explain the ‘puzzle’.

0Recent empirical work estimates that inflation reaches its long-run level within a year (Uribe, 2017),
which is confirmative to our simulation results (cf. Figures C.3 and C.4).



says that inflation and interest rates are positively related. If anything, inflation indeed
decreased in response to the interest rate cuts. Second, in the subsequent period from
2007 the Fed Funds rate has remained near zero until the liftoff in December 2015, to
which we refer to as the zero-interest-rate policy (ZIRP) period, but surprisingly, inflation
rates kept stable and quiet (cf. Cochrane, 2017a). Third, despite interest rates near zero
through 2015, inflation rebounded already in 2011, with about the same pattern as before.
Fourth, while the short rate seems immobile over the recent episode, the longer end of the
yield curve has considerable variation and is declining over time. From the expectation
hypothesis, we may read this as changes of market perceptions about future interest rates.
Between 2004 and 2005, the federal funds rate increased by 150 bp, while the ten-year
yield fell by about 70 bp (cf. Backus and Wright, 2007). So can we explain the recent
episodes and term structure anomalies within the NK model?

We use an impulse response analysis and try to reconcile the most prominent features
of the data discussed in the literature, which intensified the criticism, but keeping the
working hypothesis of an active monetary policy (¢ > 1). With this hypothesis we study
whether the data really is telling us that something is wrong with our models — or whether
the recent episodes can be explained within the standard NK framework. This is important
at least for two reasons: First, the traditional approach (in normal times) presumes an
active monetary policy, which seems violated during the ZIRP period. So shall we abandon
the celebrated Taylor rule only because of an apparently binding constraint? Second, the
implications of passive monetary policy (¢ < 1), including the case of ¢ = 0, are studied
thoroughly in Cochrane (2017a).'! As nicely illustrated, the problem of indeterminacy
(and excess sunspot volatility) of the workhorse model may be avoided when merging the
model with the FTPL. So we complement these results for ¢ > 1.

The most prominent features of the data discussed in the literature are studied by
looking at the respective periods. In what follows we study the ability of the NK model
to interpret the episodes: (i) with an apparent sign reversal (2001-2007), (ii) including a
zero-interest-rate policy (2007-2015), (iii) with an inflation rebound and near-zero interest

rates (2011), and (iv) including an apparent term structure anomaly (2004-2005).

[insert Table 3]

2.4.1. Sign reversal

While the academic discourse about the effects of the nominal interest rate on the inflation
rate has some tradition in macroeconomics, motivated by the ‘price puzzle’; it received
public attention in 2008, when the interest rates in the US (followed by the ECB in 2014)
hit essentially zero. Consider the period 2001-2007, right before the financial crisis.

"1 The interpretation of the data essentially followed the believes about monetary policy and the views
which theory should be applied (an excellent discussion of alternative theories is in Cochrane, 2017a).



In Jan 2001 the Fed Funds rate was at 6 percent (5.98%), the long rate 10Y at 5
percent (5.16%). In Sep 2007 the Fed Funds rate was slightly below 5 percent (4.94%),
the long rate 10Y at 4.5 percent (4.52%). In the meantime, the Fed Funds rate has been
decreased and raised to and from 1 percent quite sharply. Over the same period, the
core CPI inflation followed a similar V pattern and decreased slightly from 2.5 percent
(2.57%) to values around the announced target rate of 2 percent (2.10%). When the Fed
Funds rate dipped at 1 percent (0.98%) in Dec 2003, inflation also had its lowest value of
1 percentage point (1.09%) with long yields at 3.5 percent (3.33%). Can we reconcile this
pattern with the NK model?

If we interpret the V pattern as two consecutive temporary monetary policy shocks,
the NK model predicts that inflation should have followed a counterfactual A pattern.'?
A transitory (negative) monetary policy shock of 500 bp would imply inflation to increase
by about 250 bp in 2003 (see Table 3).1? This summarizes the puzzling ‘sign reversal’ and
strikingly fails to explain the decline in long yields (cf. Figures C.9 and C.10). However,
the same transitory shock together with a (negative) permanent shock of 200 bp would
account for the observed pattern for inflation and would predict a decline in yields to
longer maturities. Similarly, a (positive) temporary monetary policy shock of 400 bp
together with restoring the announced inflation target rate in 2007 (cf. Figures C.15 and
C.16) has the opposite effect and may have generated the observed V pattern of Fed Funds,
10Y yields and core CPI inflation in the period from 2001 to 2007. To summarize, the
observed pattern indeed can be reconciled with the (simple) NK model when allowing for

a V pattern to both the short-run and the long-run target rates.

2.4.2. ZIRP period

We next consider the zero-interest-rate policy (ZIRP) period 2007-2015, right after the
begin of the financial crisis in Sep 2007 until the ‘liftoff’” in Dec 2015, with the end-point
marking the start of the Fed’s ‘normalization” of monetary policy (Williamson, 2016).

In Sep 2007, the Fed Funds rate was at 5 percent (4.94%), the long rate 10Y rate at
4.5 percent (4.52%), while in Jan 2009 the Fed Funds rate was at 0.25 percent (0.15%),
the long rate 10Y at 2.5 percent (2.52%) and stayed there. Over the same period, the
core CPI inflation decreased from 2 percent (2.10%) to values way below the announced
target rate around 0.5 percent (0.60%) in Oct 2010, and then bounced back in Aug 2011
to values around the announced target of 2 percent (1.97%). At a first glance, things look
pretty much like the sharp decrease during the 2001-2003 period. This time, however, the
(short-run) nominal interest rates was quite close to the ZLB and did not return to higher

values for a while. Can we generate a ZIRP period within the NK model?

12To begin with, we neglect shocks to the natural rate (preference shocks) and let r; = p.
BFor details and transitional dynamics, we also refer to the figures in the accompanying web appendix.
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An interest rate cut by about 475 bp, for an inflation target of 2 percent, we should
have expected inflation rates of more than 4 percent. If anything, core inflation (excluding
food and energy) declined from slightly above 2 percent to values around 0.5 percent in
2010, and then rebounded to 2 percent 2011. If one borrows the explanation of the 2001-
2003 period, the sharp decrease may also reflect a change in the inflation target by 2
percent (the 10Y bond yield declined approximately by 200 bp). Inflation would jump
only by 0.5% and then after about 2.5 years decline to zero (see Figures C.21 and C.22).
This sounds reasonable. But it does not explain the near zero values of the interest rate.
Although we are able to replicate the observed variables on impact, and inflation rates
eventually approaching zero, the model predicts a strong tendency of the interest rate to
revert back to its steady-state value. Extending the simple NK model by a shock to the

‘natural rate’ (preference shock), we may add a preference shock:
dCit = _pd&tdta (5)

and consider r, = (p + pddt) as the ‘natural rate of interest’ (e.g., Werning, 2012), which
may be interpreted as an alternative way of reconciling the NK model prediction with the
data. Is it possible that a ‘preference shock’, or a series of shocks to the natural rate kept
interest rates at near zero values, such that our working hypothesis is fulfilled?

In fact, we may replicate both inflation and interest rates by reverse-engineering the
latent process for the (realized) preference shocks. Economically we are looking for the
natural rate, which implies both inflation and interest rates in the data. Everything that
explains the changes in the required natural rate can potentially explain the empirical
patterns. Both the inflation target rate and the preference shock affects the natural rate.
So is this really an alternative explanation? This is important as we are interested in the

minimum ingredients of the NK model to explain the facts.
[insert Figure 2]

Figure 2 sheds light on the natural rate required for the simple model to explain the
data (cf. Figure C.42 for the required preference shock). The most interesting part is the
model-implied longer-end of the yield curve. If this prediction was line with the data,
the model indeed has something to say. For example, the V pattern of Fed Funds, 10Y
yields and core CPI inflation in the period 2001-2007 could have been generated by a
similar pattern of the natural rate, while keeping the inflation target at 2 percent. The
ZIRP period is different though. Starting around 2011, when the inflation rates rebound
to higher values, the model-implied 10 year yields (Implied 10Y Govt) are substantially
higher than in the data. So the simple NK model is unable to explain the longer end even
for the hypothetical scenario of a series of shocks to the natural rate for a given inflation

target rate. The large (negative) preference shock about 10 percent would be required to
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remain idle around this value to generate the start of the ZIRP period.

What we learn from the hypothetical natural rate in Figure 2 is that a series of shocks
may indeed generate the observed pattern in the interest rates and inflation, but ultimately
this seems inconsistent with the underlying shock process. To explain the ZIRP episode
with a single shock we would need to modify the shock dynamics. Our simulation results
confirm this conjecture: Adding a negative preference shock of roughly 10 percent to both
monetary policy shocks helps to fix the yield curve and inflation, but does not generate
a ZIRP period. Even with higher persistence the assumed shock process (5) would not
imply that interest rates do remain close to zero (cf. Figures C.27 and C.28).

The bottom line of this section is that both temporary and permanent shocks are
required for the ability of the simple NK model with ¢ > 1 to explain the facts. One
subtle but important issue is that such a hypothetical series of shocks seems inconsistent
with the underlying shock process (5) to generate Figure 2. Perhaps, a nonlinear approach
is needed to capture potentially important shock dynamics? So this is something that

ultimately should be addressed, before we can safely ignore this possibility.

2.4.3. Inflation rebound (near-zero interest rates)

Elaborating on the previous results, it gets even more challenging to reconcile the facts
with the simple NK model, when we consider that after the long decline since 2007, the
begin of the ZIRP period, inflation suddenly rebounds to levels around 2 percent in 2011,
while interest rate remain immobile and near zero at least throughout 2015.

Let us turn to the facts. In Oct 2010, the Fed Funds rate was at 0.25 percent (0.19%),
the long rate 10Y at 2.5 percent (2.54%), and core CPI inflation dipped at 0.5 percent
(0.60%), while in Jun 2011 the Fed Funds rate was close to zero (0.09%), whereas the long
rate 10Y was at 3 percent (3.00%) and core CPI inflation increase to 1.5 percent (1.58%),
with tendency to revert back to values around the ‘official” target rate at 2 percent.

If we considered a target shock of 200 bp, so we re-established the announced target
rate around 2011, while interest rates at near zero values, the NK model could explain the
inflation rebound without any effects on nominal interest rates on impact with the partial
adjustment model only (the feedback model cannot generate this for ¢ > 1). If anything,
the Fed Funds rate in fact was lowered by 10 bp, which seems too small to account for
the rebound of inflation rates. As shown above, a shock to the natural rate may also
affect the inflation rates. Hence, we consider a simultaneous negative preference shock
of about 15 percent (cf. Figure C.42). Without this shock to the natural rate, inflation
would jump to values around 4.5 percent for the presumed inflation target shock. A similar
(counterfactual) picture arose at the longer end of the yield curve, if we would try to match
the inflation figures with some preference shock only. So from our previous discussion,

one plausible scenario is that the economy (still) experiences a negative natural interest
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rate, which keeps inflation at reasonable levels after the target shock, but lets inflation
rebound with interest rates being at near zero values (cf. Table 3). Nonetheless, though the
combination of target shock and preference shock may explain the rebound, and alleviates
the tendency of the nominal interest rate to revert back to steady-state levels, we cannot
explain the remaining ZIRP period with a single shock (cf. Figures C.33 and C.34).

So we conclude that the simple NK model fails to replicate the observed pattern in the
data with a single shock. We would need a large shock to the natural rate and the target
rate which keeps nominal interest rates at near zero values for a while and simultaneously
depresses inflation. A higher inflation target, potentially triggered by market expectations
of higher future inflation due to the QE operations, may have caused inflation eventually

to pick up without affecting the nominal interest rate.

2.4.4. Term structure anomalies

The discussion on preference shocks vs. target shocks has shown that it is important to
consider both, the short and the longer end of the yield curve in order to interpret the data
through theoretical arguments. We now present some anecdotal evidence that shocks may
indeed arise simultaneously. If a monetary policy shock is accompanied by a preference
shock, some of the ‘anomalies’ observed in the date arise in the standard NK model.

Let us consider the period between 2004 and 2005, when a rotation in the yield curves
gave rise to what Alan Greenspan’s called a ‘conundrum’ (cf. Backus and Wright, 2007).
In Jun 2004, the Fed Funds rate was at 1 percent (1.03%), the long rate 10Y at 4.5 percent
(4.73%), while in Feb 2005, the Fed Funds rate was at 2.5 percent (2.50%), the long rate
10Y at 4 percent (4.17%). Over the same period, core CPI inflation increased from slightly
below its announced target rate of 2 percent (1.87%) to about 2.5 percent (2.31%).

The ‘conundrum’ is that the federal funds rate increased by 150 bp, but the ten-year
yield decreased by about 50 bp. Can we reconcile the rotation of the yields, to which
we refer as term structure ‘anomalies’, with the standard NK model? Given the previous
discussion, we may conjecture that a positive monetary policy shock was accompanied by
a negative shock to the natural rate, keeping the inflation target about the same level,
such that the standard negative relationship between interest rates and inflation is as
expected (with a tendency to revert back to the target rate).'

We simulate a positive monetary policy shock of 150 bp which is accompanied by a
negative preference shock of about 10 percent (in accordance with Figure 2). Both shocks
generate the rotation in the yields as observed in the data (cf. Figures C.39 and C.40).
While a rotation in the nominal yield curve could also be obtained by a contemporaneous
negative target shock, two reasons speak against this hypothesis for the period 2004-2005:

First, if anything, we would expect that a rise in nominal interest rates may trigger a rise

4This observation may give a hint that restoring the inflation target rate from 0% to 2% should have
occurred already right after Dec 2003 through Jun 2004 (see the discussion in Section 2.4.1).
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in the target rate. Second, the predicted real yield curve would not show a rotation as
observed in the data (compare to Fig. 4 in Backus and Wright, 2007). Hence, a rotation in
both yield curves suggests that the monetary policy shocks was accompanied by a negative
shock to the natural rate. This results points towards directions for empirical research
how we may separate target shocks from preference shocks: In order to identify shocks, we
eventually employ data on both the nominal and the real yield curve. Though the simple
model is able to account for the rotation in the yields, it is too sensitive with respect to
the inflation rate (cf. Table 3). The simulated response to the monetary policy shock is
a counterfactual decline. We will show below that the strong effects on the inflation rate

indeed is an artefact of the linear model around zero inflation targets.

2.5. Discussion and open questions

So the bottom line is a partial remedy of the NK model to interpret the data. We show
how target shocks (loosely interpreted as forward guidance) in addition to the traditional
policy instrument improves the ability of the model to explain the facts. The linear model
(with ¢ > 1) is unable to account for nonlinearities, so the paper does not stop here.

We showed that the simple model still helps us to organize our thoughts, so abandon
the model might be too shortsighted: Allowing monetary policy shocks to have transitory
and permanent components, we may explain the sign reversal observed in the data and the
V pattern of the Fed Funds rate and core CPI inflation in the data. These predictions are
also in line with the predictions for the yield curve. Extending the model by (transitory)
shocks to the natural rate helps to explain the begin of the ZIRP period and the inflation
rebound in 2011, while interest rates being immobile and near zero. One open question
remains because the NK model fails to replicate the ZIRP period with a single shock such
that the shock dynamics are consistent with the underlying shock process. According to
Figure 2 we would need a large shock to the natural rate and that this shock keeps the
natural rate negative for a while, before eventually reverting back to its steady state.

Perhaps need to distinguish our approach between normal times and non-normal times,
where the dynamics are different from those at the intended equilibrium point? This is
what we learn from Brunnermeier and Sannikov (2014): In normal times, the equilibrium
system is near the steady state, where the system is resilient to most shocks near the
steady state. Unusually large shocks, however, may induce completely different dynamics
of macro aggregates. Once in a crisis state (non-normal times), also smaller shocks are
subject to amplification. A nonlinear framework may be an alternative interpretation in
which a single preference shock accounts for the ZIRP period. In what follows, we set
up a parsimonious model, where the dynamics of large negative shocks are different from
those around the steady state, at which the model is observational equivalent to (5).

Moreover, note that the presented model so far is an approximation of the NK model
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around zero inflation target rates, ms, = 0. As we show below, the stability properties are
sensitive to non-zero inflation targets, mgs > 0. In particular, allowing for (even small)
positive inflation targets, we need to extend the continuous-time feedback model, e.g, by
an output response, to obtain a unique locally bounded solution. On the other hand, the
partial adjustment model does generate local determinacy for plausible non-zero inflation
targets (including the ‘official’ target rate). The non-zero inflation targets, however, are
important to evaluate the effects of possibly shifting perceptions of the central bank’s
inflation target (see Giirkaynak and Wright, 2012, and the references therein).

Another caveat is that price dispersion typically is dropped as it becomes an exogenous
process in the linear model around zero inflation targets. It is easy to show, however, that
the price dispersion is quite different for an inflation target of about 2 percent: Higher
price dispersion is associated with higher inflation. Hence, a shock to the inflation target
has important implications for the price dispersion and inflation dynamics, and may also
generate different dynamics for macro aggregates. It will depend on the particular question
whether this is an important caveat. It might be irrelevant for small shocks, but becomes
important in non-normal times, when the economy is far away from its steady state.

In what follows we thus set up and solve the nonlinear version of the NK model. We
show that an alternative shock process, which is observational equivalent in normal times
(with small shocks), has quiet different dynamics in non-normal times (large shocks). We
also allow for stochastic shocks and show how uncertainty shocks will affect the long-end
of the yield curve even if the inflation target rate is constant. A time-varying inflation

target thus may be interpreted as a short cut to include ‘uncertainty’ shocks.

3. Nonlinear New-Keynesian Model with Shocks

We describe now the environment for our investigation. It is the continuous-time version
of the standard NK model (cf. Woodford, 2003). We summarize the equilibrium dynamics,
show how to compute impulse responses, compute the effects of uncertainty, and how to
solve the model in the policy function space. Throughout the paper, we keep the nonlinear
structure of the model, which turns out to be quite relevant for non-normal times when

considering large shocks and/or large deviations from the point of approximation.

3.1. The Model

The basic structure of the model is as follows. A representative household consumes, saves,
and supplies labor. The final output is assembled by a final good producer, who uses as
inputs a continuum of intermediate goods manufactured by monopolistic competitors. The
intermediate good producers rent labor to manufacture their good, and face the constraint
that they can only adjust the price following Calvo’s pricing rule (Calvo, 1983). Finally,

there is a monetary authority that fixes the short-term nominal interest rate through open
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market operations with public debt, and a fiscal authority that taxes and consumes. We
introduce four stochastic shocks, one to preferences (which can be loosely interpreted as a
shock to aggregate demand, temporarily affecting the real interest rate), one to technology
(interpreted as a shock to aggregate supply), one to monetary policy, and one to fiscal
policy. For simplicity, we do not explicitly model a shock to the inflation target, which is

considered a policy instrument under the discretion of the central bank.

3.1.1. Households

There is a representative household in the economy that maximizes the following lifetime

utility function, which is separable in consumption, ¢; and hours worked, ;:

[eS) ll+79
EO/O e P, {log cr — ¢1t+ 19} de, ¢ >0, (6)

where p is the subjective rate of time preference, ¢ is the inverse of Frisch labor supply
elasticity, and d; is a preference shock, with logd; following an Ornstein-Uhlenbeck (OU)

process (the continuous time analog of a first-order autoregression):
dlogd; = —pylogdidt + 04dBgy. (7)
The process By, is a standard Brownian motion, such that by Ito’s lemma:
dd; = — (pd log d; — %afl) didt + o4d;dBgy.

Below, for this shock and the other exogenous stochastic processes, we will use both the
formulation in level and in logs depending on the context and ease of notation.

Let a; denote real financial wealth, the household’s real wealth evolves according to:
da;, = ((lt - 7Tlt)at —c+wly + Ty + Ft) dt, (8)

in which 4; is the nominal interest rate on government bonds, m; the rate of inflation of
the price level p; (or price of the consumption good), w; is the real wage, T; is a lump-sum

transfer, and F; are the profits of the firms in the economy.

3.1.2. The Final Good Producer

There is one final good produced using intermediate goods with the following production

1o, =1
v = ( / v dz’) , (9)
0

where ¢ is the elasticity of substitution.

function:
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Final good producers are perfectly competitive and maximize profits subject to the
production function (9), taking as given all intermediate goods prices p; and the final

good price p;. Hence, the input demand functions associated with this problem are:

and

is the (aggregate) price level.

3.1.3. Intermediate Good Producers

Each intermediate firm produces differentiated goods out of labor using:
Vit = Aelis,
where [;; is the amount of the labor input rented by the firm and where A; follows:
dlog Ay = —pylog Aydt + 0 4dBa,. (11)
Therefore, the marginal cost of the intermediate good producer is the same across firms:
me; = wy /Ay

The monopolistic firms engage in infrequent price setting & la Calvo. We assume that
intermediate good producers reoptimize their prices p; only when a price-change signal
is received. The probability (density) of receiving such a signal h periods from today is

assumed to be independent of the last time the firm got the signal, and to be given by:
se " §>0.

Thus e *("~% denotes the probability of not having received a signal during 7 — t,

1— / 5e M dh =1 — (—e 0D 4 1) = 000, (12)

t

A fraction of firms will receive the price-change signal per unit of time. All other firms

keep their old prices. Note that the lower the parameter §, the higher price rigidities. In
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the frictionless case & — oco. Prices are set to maximize the expected discounted profits:

> )\T 7 i3 -
max ]Et/ A_e—(p-f—&)(”l'—t) (%yn - mCTyiT) dT S.t. Yir = (22) Yr,
t

Pit t T -

where A, is the current value (not discounted) of a unit of consumption in period 7 from
the perspective of the household (the pricing kernel for the firm).

After dropping constants, we may write the first-order condition as:

£ € Tay

ey L I} = (13)

PitT1 = )
e—1x,

in which II} = p;:/p; is the ratio between the optimal new price (common across all firms
that can reset their prices) and the price of the final good and where we define the auxiliary

variables (interpreted as expected discounted marginal revenue and marginal costs):

1—¢
Ty = Et/ A\, e (pHo)(T=t) (&) ydT, (14)
t

pr

o —&
Ty = Et/ Ae P me (ﬁ) y-dr. (15)
t

Both variables are forward looking (or jump variables) and determined in equilibrium.
Differentiating x;, with respect to time gives:
dl‘l’t == ((p + 5 + (1 — 5)7Tt) .[L'l’t — )\tyt) dt, (16)
in which the rate of inflation m, = dp;/p;. Accordingly:

dzer = ((p + 0 — emy) X2y — Memcyyy) dt. (17)

Assuming that the price-change is stochastically independent across firms gives:

t
p%fe — / 5675(25 T) p” edT
making the price level p; a predetermined variable at time ¢, its level being given by past

price quotations (Calvo’s insight). Differentiating with respect to time gives:

t
dp; = (529}[5 —0 / de~ " p;; Edf) dt =6 (p; = —p ) dt

—00

and
1
dt

dp;

dp; " = (1 =€) p "
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Then
1)

dpp=— (P pi —p)dt = m=—— ()" -1). (18)
1—e¢

Differentiating (18) with respect to time, we obtain the inflation dynamics as:

1)
1—¢

d’Tl't = -9 (H:)lie <7Tt + (mCt/LUZt — 1/1’1,15) )\tyt) dt
= —(5 + (]_ — E)ﬂ't) (7Tt + (mCt/fEZt — 1/3717,5) )\tyt) dt, (19)

which is interpreted as the NK Phillips-curve.

3.1.4. The Government Problem

We assume that the government sets the nominal interest rate ¢; through open market

operations according to two alternative setups, i.e., the feedback model:

I — lgs = (bw(ﬂ't - 7rSS) + ‘by(yt/yss - 1)7 ¢r >0, (by >0, (20&)

or the partial adjustment model:
diy = 0(¢, (T — Tss) + & (Yt /Yss — 1) — (i — 1))t + 01 d By, 0 >0, (20b)

which includes a response to inflation and output, and a desire to smooth interest rates.
Similar to equation (3b), the rule in (20b) specifies a time lag between the inflation rate
and the interest rate, and allows for an output response and monetary policy shocks.!®
The coupon payments of the government perpetuities 77 = —i,a, are financed through
lump-sum taxes. Suppose transfers finance a given stream of government consumption
expressed in terms of its constant share of output, s,s,,, with a mean s, and a stochastic

component s, that follows another Ornstein-Uhlenbeck process!¢:

dlog s, = —P, log s44dt + 0,d By, (21)

such that
gt — Ttb = Sg¢Sg.tYt — Ttb = -1T;.

3.1.5. Aggregation

First, we derive an expression for aggregate demand:

Yt = Ct + G-

5Given our previous discussion, we will mainly focus on the partial adjustment model. Nevertheless,
for the ease of comparison with the literature, we highlight some of the results for the feedback model.

16While we could have s,s,¢ > 1, our calibration of s, and o, is such that this event will happen with
a negligibly small probability. Alternatively we could specify a stochastic process with support (0,1).
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In other words, there is no possibility to transfer the output good intertemporally. With

this value, the demand for each intermediate good producer is

yie = (¢ + g) (Zﬁ)_a Vi. (22)

Dt

Using the production function we may write:

Al = (Ct + gt) (ZE) .

Pt

We integrate both sides:
1 A
0 0o \ Pt

Ay
Ct+ gt =Y = U—lt,
t

N
0 Pt

as the aggregate loss of efficiency induced by price dispersion of the intermediate goods.

to get an expression:

in which we define:

Similar to the price level, v; is a predetermined variable (Calvo’s insight):

t i)
vy :/ e 0t=T) (i) dr. (23)
—0o0 Dt

Differentiating this expression with respect to time gives:
d’Ut = (5 (H:)ie + (57Tt — 5)1}15) dt. (24)

Finally, as shown in the appendix, in equilibrium aggregate profits can be written as

a function of other variates:
Fi= (1 —mcuv)y,. (25)

3.2. The HJB Equation First-Order Conditions

Define the state space U, C R™ and the control region U, C R™. It is also convenient to
define the reward function f : U, x U, — R, the drift function g : U, x U, — R", the
diffusion function o : U, — R™" (we discuss the details below).

Given our description of the problem, we define the household’s value function as:

V(Zo,Yo) = Inax Eo/ efptf(Zt,Xt) dt,
0

{Xt}?io

20



in which Z; € U, denotes the n-vector of states, X; € U, denotes the m-vector of controls,
and Y, = Y(Z;) is a vector of variates to be determined in equilibrium as a function of

the state variables, but taken as parametric by the representative household,
s.t. dZt = g(ZhXt;Yt) dt+0‘(Zt) dBt,

where B, is an k-vector of k independent standard Brownian motions. The instantaneous
covariance matrix of Z; is 0(Z;)o(Z;)", which may be less than full rank n.

In particular, the vector of state variables is Z; = (ay, i, vy, dy, Ay, sg,t)T and equilibrium
variables Y, = (y;, mcy, wy, T4, T14, Tog, 1, A\, Ty, F4) T to be determined endogenously, and
X; = (¢4 lt)T is the vector of controls. In our case, the reward function reads:

l1+19

7. X)) = d, 1 — dpp—Lt—.
f( t t) t 10g C¢ t1/11+Q9

From the discussion above, we define the drift function (with partial adjustment):

(i — m)ay — ¢ +wily + Ty + Fy (8
06, (7 — Tss) + 0¢y(yt/y88 — 1) = 0(ir — iss) (200
S (IL) ™" + (emy — 0)uy

g(ZhXt;Yt) =
—(pqlogd; — %U?z)dt (7

—(palog A; — %Ui)At (11
—(pg log s41 — %ag)sgi (21

—~
(]
W
N N e e N N

and the diffusion function of the state transition equations:

(0000 0 0 0 | (8)
0 0w 0O 0 O 0 (200)
szy—|0 ¢ 0 0 0 0 (24)
0 0 0 oud, O 0 (7)
00 0 0 o044 0 (11)
(00 0 0 0 g5 | (21)

By choosing the control X; € R% at time ¢, the HJB equation reads:

PV (Zy;Y,) = {gl}?g {f(Zu Xi) + 9(Zs, Xy Yt)TVZ + %tr (U<Zt)U(Zt)TVZZ)} ) (26)

=0
where V7 is an n-vector, Vzz is a n X n matrix, and tr(-) denotes the trace of a matrix.
A neat result about the formulation of our problem in continuous time is that the HJB
equation (26) is, in effect, a deterministic functional equation. In the discrete-time version,

we need to numerically approximate expectations (or the n-dimensional integral).
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The first-order conditions with respect to ¢; and [; for any interior solution are:

dy
&y 27
- @
dpl] = Vo, (28)
or, eliminating the costate variable (for ¢ # 0):
¢lfct = Wy,

which is the standard static optimality condition between labor and consumption.

Most notably, the first-order conditions (27) and (28) yield optimal controls:

C(Zt, VZ(Zt§ Yt); Yt)
Z(Zt, VZ(Zt§ Yt); Yt)

(Va(Zy; Yt>>_1dt
(Va(Zy; Yt)wt/(dtd)))l/ﬁ

X = X(Zt, VZ(Zt;Yt);Yt) =

Thus, the first-order conditions (27) and (28) make the optimal controls functions of the
states, ¢; = c(Zy; Yy), Iy = 1(Zy; Yy). Hence, the concentrated HJB equation reads:

PV(Zt§ Yt) = f(Ztax(Z’ta VZ(Zt§ Yt)) + g(ZhX(Zta VZ(Zt§Yt))§ Y)TVZ
+%tr (0'<Zt)0(Zt)TVZZ) . (29)

Note that V,(Z; Y;) = A\ in (27) and (28) is readily interpreted as the marginal value
of wealth or the current value of a unit of consumption in period ¢, and thus determines
the asset pricing kernel in this economy. In what follows, we provide the asset pricing
kernel or the stochastic discount factor (SDF) consistent with equilibrium dynamics of
macro aggregates, which can be used to price any asset in the economy.

As we show in the appendix, the marginal value of wealth evolves according to:

d>\t = (p — 'L.t + 7Tt)>\tdt
+O’ddt)\ddBd,t -+ O'AAt)\AdBA,t -+ UgSg,t)\gng,t + O'm)\rdBmﬂg, (30)

which determines the equilibrium SDF (see Hansen and Scheinkmann, 2009):

—p(s—t) ‘/a(Zs; Ys)

d =e "I\ 31
%(Zt;yt)a an my € ty ( )

ms/my = e

or, equivalently, the present value shadow price. After some algebra (see Appendix A.2),

we arrive at the Euler equation, which shows the equilibrium dynamics of consumption:

de, = —(p—iy+m — 04 — 052;3 — 02,8 + pglog dy + (¢4(1 — ¢q) — 3)o3)cedt

+O'd5dctdBd,t + O'AEACtdBA,t + O'gégctng,t —+ O-mérctdBm,h (32)
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where ¢, = ¢, /¢, Cq = cqdi/cr, g = c4Sg1/cr, and ¢x = caAy/cy, reflecting the slope of the
consumption function with respect to the state variables that are driven by shocks.

3.3. Equilibrium dynamics

In order to understand the recursive-competitive equilibrium (as defined in Appendix A.3),

it is instructive to show the mechanics of the NK model. We start from market clearing:

Ct =Yt — gt = (1 — Sgsg,t)yt = (1 — Sgsg,t)Atlt/vta (33)

such that the combined first-order condition reads:

VWy

(1 — 5¢84.) Ay’

9 1+9 149
U}t:’l/}ltct =4 vtwt:wlt+ (1—8989715)1415 =4 lt+ =

and from (28):
e = (1= 8g84,) /00) 50 Ay(mcy /1)) ™9, (34)

or

me; = YU (1 — s4544) vt

For a given level of current marginal cost, mc;, the solution is known analytically. However,
in the NK model the firm takes into account current marginal cost and expected future
marginal cost whenever it has an opportunity to adjust its price. Hence, the equilibrium
value for current marginal costs is an unknown function of all states, Y; = Y(Z;).

So we arrive at a system of 5 endogenous processes, i.e., for the auxiliary variables x4,
Ta4, price dispersion v, the Taylor rule 7;, and the consumption Euler equation ¢;, and 3

exogenous shock processes for s, ;, d;, A;, which summarize equilibrium dynamics:

dey = —(p—is+m — 0484 — 0.0 — 00, + pglog dy + (Ca(1 — ¢q) — 3)07)cedt
+04CicidBay + o0 acacidBay + 04¢4c,d By + 0y Creid By
deiy = ((p+0— (e = Dmp)wre —di/(1 — 54544)) dt
deey = ((p+ 0 —em) way —merdy /(1 — s4544)) dt
diy = 0(dn(me — Tss) + Oy (Y/Yss — 1) — (it — iss))dt + 0, d By
dv, = (6(1+m(1 —e)/8) 15 + (em, — O)v,)dt

in which (1 + m(1 — 5)/5)1_; =¢/(e — 1)(xot/21+) determines the inflation rate and

dife; = (1= 8g44) /1) 00 (mey /)"0 dy [ Ay (35)
& mep = P((de/c)(Aefde) ™ (0 /(1 — 5484.4))"

pins down marginal costs. Given a solution to the system of dynamic equations augmented
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by the stochastic processes (7), (11), and (21), the general equilibrium policy functions

(as a function of relevant state variables) can be obtained.

3.4. Numerical solution of the (conditional) deterministic system

In what follows we solve the NK model using the (conditional) deterministic system,
which demands that we need to account appropriately for risk. This is obtained if the
(nonlinear) solution to the HJB equation implies the same policy function of the boundary
value problem. The solution of the deterministic model is contained as a special case.

We start from the HJB equation (29) or (a more detailed version (A.8)) and find that
for Vu(Zy;Yy) # 0

(Ze:Yy) = (iv—m)ae+ wl(Zy; YY) + Ty + Fo — (p — (i — Wt))%
+(00, (71 — Tss) + 00, (Ye/Yss — 1) — 0y — iss))%
%Ui% + (5(1 + (1 —e)my/0) 1< + (emy — 5)”1?) %
palos A~ ) A ijgjj Yj)) A%

1 ‘/gya(Zt’ Yt)

)
) —o s2 Y (ZeY,) (36)

—(pylog s — éaﬁ)sgt
which we will use to define the Euler equation errors below.

In what follows, we compute the solution to the HJB equation from a deterministic
system of differential equations (a boundary value problem), which works in continuous
time since the HJB equation itself becomes a deterministic equation (cf. Chang, 2004).17
Nevertheless, we have to account appropriately for risk. So the idea is to transform the
system of SDEs into a system of PDEs which also solves the HJB equation. Assume the

existence of a consumption function ¢; = ¢(Z;), and use 1t6’s formula to arrive at:

dey = coday + ¢, diy + 1e00, dt + ¢, duy
+cqdd; + %cdd(addt)Zdt +cadA; + %CAA(O'AAt)Zdt + ¢y ds,dt + %cgg(agsgi)Zdt.

This leads us to the following proposition.

TIn contrast, the discrete-time HJB equation requires the analyst needs to evaluate the state space not
only at the current information set, but also at future expected values, so the continuous-time approach
does not require to numerically compute expectations (a burdensome step in discrete-time models).
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Proposition 1. By subtracting the Ito second-order terms from the Euler equation (32),

de = geroy, dt = 5caa(oady)*dt = eaa(0aAe)?dt — 5egg(0gs4,) dl =
Cq day + ¢, diy + ¢, dvy + ¢4 dA; + cq ddy + ¢4 ds gy,

and inserting dc, from (32) we may eliminate time (and stochastic shocks) and together
with ¢, = d;V, ! yields (36) from the HJB equation.

Proof. Appendix A4 m

A system of PDEs which implies the same policy function is constructed using (32)
and Proposition 1 by subtracting It6 terms from the Euler equation (accounting for risk)
and setting dBy; = dBa; = dBy; = dB,,; = 0 (in the absence of shocks),

de; = —(p— (i — m))edt + Eoiedt + Fo%cdt + 62020tdt + &02 cydt
% ddadctdt cAAaActdt cgga 2e,dt — crrcr ¢ dt

—cipglog dydt + iadctdt — cdadctdt

where we define ¢, = ¢,,/¢t, Cag = Caad? [ty Cgg = cggs;t/ct, and ¢ = caaA?/c; reflecting
curvature of the consumption function with respect to the state variables that are driven
by shocks, such that de, = ¢, da; + ¢, diy + ¢, dvy + ca ddy + cqdd; + ¢, ds,, solves (36).

So we refer to the following system of PDEs as the conditional deterministic system:

de; = —(p— (i — m))edt + Eoiedt + 0% cdt + 62020tdt + &02 c,dt
% ddadctdt cAAcrActdt cggcr 2e,dt — crra ¢ dt
—cpglog dydt + Soc,dt — cqoe,dt (37)
diy = 0(¢p(m —mss) + 0, (yt/yss — 1) = (i —iss)) dt
doy, = (14 (1 —¢e)m/d) 7= + (emy — d)vy) dt
dd, = (pd log d; — ad) d.dt
dA, = (pA log Ay — O'A) Audt
dsg = — (pg log s, — %ag) 54t

deiy = ((p+0— (e = Dmp)zrp — di/(1 — s4544)) dt
deay = ((p+ 9 —em) oy — merdy /(1 — s4544)) dt

So the Euler equation (37) of the conditional deterministic system is used to obtain the
conditional deterministic (or stochastic) steady state.'® Recall that the inflation rate 7, is
endogenously determined from (18), and the jump variables z;; and zo,. We restrict our

attention to the solution which leads the economy towards the (stochastic) steady state,

8Though there will be a steady-state distribution, we follow the convention in the literature and define
the fix point of this system as the ‘stochastic steady state’, and thus use both terms interchangeably.
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in which m; — 7. By solving for the time paths, the solution satisfies both the initial
and the transversality condition (TVC) and characterizes the stable manifold. We iterate

computing controls and updating the derivatives until convergence (cf. Table 1).!?
[insert Table 1]

It is important to note that as long as ||(04,04,0,,0m)| # 0, the term de; of the
conditional deterministic system (37) does not coincide with the term de; of the Euler
equation (32), which is an abuse of notation only needed in the numerical solution. Once
we derived the policy functions, the original Euler equation is used to simulate the model
and/or to make statistical inference, by allowing for the arrival of stochastic shocks.

We solve the system of PDEs by the Waveform Relaxation algorithm. In this way, we
can separate the solution in the time dimension from the solution in the policy space, which
turns out to be computationally more robust and less expensive.?’ Following the idea in
Posch and Trimborn (2013) we obtain the unknown derivatives starting from the solution
of the deterministic system, then iteratively define ¢,.(Z; Y;) = ¢, /¢, Er(Zy; Yy) = o/ e,
Ca(Zy; Yy) = cady/cry Caa(Z; Y1) = caadi]cr, Co(Za; Y1) = cySgi/Cry Cog(Zy; Yy) = cggs;t/ct,
ca(Zy;Yy) = caAy/cy, and ¢aa(Zy; Y1) = caaA?/cy, and solve the system of ODEs. The
initial value for the control and/or jump variables is used to approximate the solution in
the policy function space (using tensor products of univariate grids as initial values), then
update the solution, and iterate until convergence.

In the boundary value problem (BVP) we seek a function x : [0, 7] — R* that satisfies
the (conditional) deterministic system consisting of the Euler equation (37) determining
¢t, and the law of motion for @y, xoy, i, vy, dy, Ay, and sy (which gives k = 8), together
with the given initial conditions for the states (ig, vo, do, Ao, Sg,0) and the TVC assuming
that variables approach their (stochastic) steady state values. One complication is that

the time horizon is infinite, so we use the following transformation of time:

-
t=—— f 1
S 1) or T€/[0,1),

where v is a positive (nuisance) parameter, such that for ¢ — oo we have that 7 — 1.
Alternatively, we may set T sufficiently large but finite number.?!
3.5. Numerical solution in the policy function space

In what follows, we show how we may alternatively solve the HJB equation (29) directly
by collocation based on the Matlab CompEcon toolbox (Miranda and Fackler 2002).

9Tt is important to note that a recursion as set out in Table 1 is only required if we are interested in
the solution of the stochastic model where |[(04,04,04,0m)| # 0.

20Tt is possible to parallelize the computation by allocating the grid of state variables to workers.

1Trimborn, Koch, and Steger (2008) introduced the relaxation algorithm to applications in economics.
In contrast to their approach, we use projection methods to solve the boundary value problem, which
turns out to be relatively efficient and (even for a few approximation points) highly accurate.
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Since the functional form of the solution is unknown, an alternative strategy for solving
the HIB equation is to approximate V(Z;;Y;) ~ ¢(Zs; Yy)v, in which v is an n-vector of
coefficients and ¢ is the n x n basis matrix. The computational burden can be reduced
when replacing the tensor product by sparse grids (Winschel and Krétzig, 2010). Starting
from the HJB equation (29), we may approximation of the value function and/or control

variables for given set of collocation nodes and basis functions ¢(Z;; Y,):

pP(Zi; Yi)o = f(Ze, Xe) + 9(Ze, Xo) " 07(Z; Yo )v + 5t (0(Ze)o (Ze) " bz (Za; Yi)v)

or

v=(pd(Zi; Y1) — 9(Z0,X0) 6 — Ltv (0(Z)o(Ze) 622)) " F(Z0 Xo),

which yields the coefficients based on a Newton method. This approach, however, requires
a good initial guess, but is extremely useful to verify whether the implied solution obtained
from the conditional deterministic system indeed solves the HJB equation.

Our results confirm the findings in the literature that the effects of uncertainty in the
standard NK model are small, and primarily a level shift (cf. Figures C.43 to C.51). Both
the deterministic steady state and the stochastic steady state are very close. What is more
important is a substantial level shift of the policy functions around equilibrium interests

rates and at near-zero values for the nominal interests rates.

3.6. Impulse responses

To compute the impulse response functions (IRFs), we initialize the state variables, given
the solution V' (Zy; Y(Zy)) = ¢(Zy; Y(Zy)v, or the consumption function (36), and solve the
resulting system of ODEs following Posch and Trimborn (2013). Because we use a global
(and nonlinear) solution technique, in principle, we may initialize the system at any state
vector. Hence, we do not need to restrict our analysis to situations, where the economy
is assumed to be in the close neighborhood of the steady state (or normal times). This
is particularly important since we want to study the equilibrium dynamics in a situation
where the nominal interest rate is close to zero and/or the economy is hit by large shocks
(non-normal times). In fact, the computed IRF is the equilibrium time path of economic

variables, which reflect a single transitional path to the (stochastic) steady state.

3.7. Implied risk premium and the natural rate of interest

We approach the definition of a risk premium from the equilibrium long-run interest rate.
At the (stochastic) steady state we obtain from (37) that

- 2 2 | =2 2 | =2 2 | =2 2
P = lgs = Mes + Cq0gq + Cx04 + Co0, + CLO,
1~ 2 1= 2 1~ 2 1% 2 =~ 2 12
—5Cdd0g — 5CAA0 ) — 5Cgq0y — 5Cr 0, — Ca0y — pglogdss + 507y
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Thus the steady-state risk premium is defined based on the identity p + 7., = i/, or

~2 2

P+ T = s + (G4 — 3Caa — Ca)oq + (64 — 5Caa)0h + (C) — 5Cqq) 00 + (&2 — 56 )0

m

in which 4/, denotes the shadow risk-free rate (or the certainty equivalent rate of return).
The long-run interest rate is decomposed into iz, = ’ifs + RP,,, where
2

RP, = —(C) — 3Caa — Ca)og — (¢4 — 3Can)oy — (G — 3Cgg)0s — (6 — 3Cu)0

2

m:*

For our parameterization RP,s ~ 0.0695%, so it increases the nominal interest rate by

approximately 0.07% or 7 bp. Consistently, we define the risk premium (cf. Posch, 2011):

g {M} =E(i] + RP, — )

P~ w'(cy)
with
RP, = —¢g(Zy; Y1) 205 — ea(Zy; Y1) 0% — Cg(Zy; Y1) 20 — & (Za; Yo) 0, + $Caa(Z; Y1) og
+3Caa(Ze; Y0)0% 4 5Coq(Z; Y1) 0h + 5Cr0 (L3 Y1) 0oy, + Ca(Zs; Yo )0y, (38)
f—

and thus the shadow risk free rate is i3 = 7, — RF;. Our numerical results show how the
risk premium is affected by the different state variables (cf. Figure C.52).

Hence, the Euler equation of the conditional deterministic system can be written as
dey = —(p— iy + m + RP, + pylogd; — %aﬁ)ctdt (39)

or

dey = —(ry — iy + ) epdt (40)

with r = p+ RP, + p,logd, — %afl, loosely interpreted as the ‘natural rate of interest’
(among others Werning, 2012). This link seems important for our analysis, because it
sheds light on different sources of shocks to the natural rate (temporary or permanent).
Indeed, a (positive) shock d; will increase the natural rate temporarily, while a permanent
increase in the risk premium RP; (e.g., higher fiscal policy shocks o,) would increase the

long-end of the yield curve similar to a change of the inflation target.

3.8. Can we rule out multiple equilibria? Different answers?

In this section we study local determinacy of the full NK model. We illustrate how the
results depend on the inflation target w4, > 0, and how the Taylor rule can be extended to
allow for larger regions of determinacy. For comparison with the simple model we assume
throughout the section s, = 0 and ||(04,04,0,4,04,)| = 0, such that r, = p.

While the simple NK model with a feedback rule has no state variables, the NK model
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with no shocks (henceforth minimal NK model) with 74 > 0 introduces price dispersion vy
as a relevant state variable, and a unique locally bounded solution requires three positive

eigenvalues of the Jacobian matrix (cf. Appendix A.8.1)%*

gby 0 (1 - ¢ﬂ)a2yss/xl,ss (¢7r - 1)a2y88/x2788
A, — 0 EMgs — 0 —ET 45Vss/ T1, s ET 55Vss/ T2 s
0 0 p + cas —(6 — 1)6122171,53/372,5:3
—(1+ 012955 /yss —Va12 55/ Vss €Ty 55/ T1 5 ay — Eaz
where
a1 =p+0—emgs, as =0+ (1 —e)mg, (41)

such that the (linearized) inflation dynamics are

dmy = p(mp— mee) dt — (0 4+ (1 — &) mss)Tss (224 /20 56 — 1)dt
—K((Ye/Yyss — 1) + (ve/vss — 1)/ (1 + 0))dt. (42)

So we define
K=+ (1 —e)mss)(1+9) (p+ 0 — emss) . (43)

For a unique locally bounded equilibrium we need three positive and one negative
eigenvalue. The determinacy regions are shown in the accompanying web appendix.

Similarly, in the minimal NK model with partial adjustment, the two relevant state
variables are the interest rate and the level of price dispersion, so a unique locally bounded

solution requires three positive eigenvalues of the Jacobian matrix (cf. Appendix A.8.2)

0 0 A9Yss/T1,ss —2Yss/ T2, Yss
0 EMss =0 —EMgsVss/T1 5 EMssVss/ T2 s 0
Ay = 0 0 p -+ gay (1 = €)agry ss/T06s O
—(L+0)a12065/Yss —V1T0,55/Vss  €A2T2 55/ T1 55 ay — £ay 0
9¢y/?/ss 0 —9¢7ra2/9€1,ss 9¢7r(12/9€2,ss —0 i

whereas for m,, = 0 it collapses to the 3 x 3 matrix of the simple model. Note that the
(linearized) inflation dynamics are not affected by the specification of the Taylor rule.
For a unique locally bounded equilibrium we need three positive and two negative

eigenvalues. The determinacy regions are shown in the accompanying web appendix.

22We impose the parametric restriction § > e, to ensure non-negative price dispersion, which in the
frictionless case 6 — oo the condition is fulfilled. For w45 = 0 the system can be reduced to

A1:|:¢y ¢7r1:|’
—K p

which shows that the output response would not introduce different conclusions regarding stability in the
simple NK model: A necessary (and sufficient) condition for local determinacy still would be ¢, > 1.
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Our results highlight potential pitfalls when letting the inflation target vary as an
random walk (e.g., Ireland, 2007), because of the inability of the model to nail down un-
expected inflation even with active monetary policy (¢, > 1). This is in sharp contrast to
the approximation around zero inflation targets, hence the traditional requirement for ac-
tive monetary policy is no longer sufficient.?* Moreover, we know that determinacy regions
are quite sensitive to the timing assumption (Hintermaier, 2005): For the continuous-time
limit, a positive output response, ¢, > 0 helps in the feedback model. To summarize,
changing the inflation target is likely to have completely different implication than the
nonlinear model (or its linearized version), compared to the linearized model around zero

inflation target, because of the solution may exhibit multiple (sunspot) equilibria.

3.9. Which policy instruments? Different answers?

The nonlinear approach also sheds new light on the policy instruments, because our results
are pointing towards the fact that the variation in the (perception of the) inflation target
can be triggered by changes in risk premia, which may reflect changes in future uncertainty.
Hanson and Stein (2015) find that (the more narrow interpretation of) forward guidance
in the NK model (excluding shocks to target rates) is not able to generate the observed
effects in the real yield curve. They argue that changes in term premia are more likely, but
which are absent in the linear (simple) NK model. Though quantitatively those effects
are not important in the presented parsimonious model, it gives directions for developing
the theory and provides one alternative explanation for changes at the longer end of the
yield curve through the risk channel beyond the potential policy instrument ;.

Apart from the effects of risk, the policy instruments are the same as before. The more
general Taylor rules (20a) and (20b) introduce an output response ¢,, in addition to the

inflation response ¢, as a new policy parameter.

3.10. Do higher interest rates raise or lower inflation? Different answers?

Let us consider unique locally bounded equilibria for the remaining analysis.?* We study
the link between inflation and (short-term) interest rates in the full (nonlinear) NK model
and compare it to the insights from the simple NK model. We also study the impulse
response function from the nonlinear approach for two identical economies, one of them is
initialized at the steady state values and the other one for interest rates near zero. Does

the same policy experiment imply the same predictions for both scenarios?

[insert Figure 4]

23Note that this result is not an artefact of the continuous-time approach. A similar result regarding
determinacy is obtained in the discrete-time model (Coibion and Gorodnichenko, 2011).

24 As we enter the indeterminacy region, the sharp prediction of the simple NK model is lost. While the
inflation target for the simple model does not matter for determinacy, it is important for the dynamics
of the full model and the two models would have completely different predictions (see Section 3.8).
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Similar to the simple NK model, for the partial adjustment model (and given 7y,), the
inflation rate is a negative function of the nominal interest rate (see Figure 4). This effect,
however, is much smaller than suggested by the simple model. For our parameterization,
inflation falls only by 0.1 percentage points on impact for an 1 percentage point increase
of interest rates, around the steady state (slightly smaller around near-zero interest rates).
We find that the nonlinear model and the linearized version (with non-zero targets) give a
similar picture, so we conclude that the counterfactual large response of inflation indeed is
an artefact of linearizing around a zero inflation target rate. Although output is associated
with higher inflation rates (see Phillips curve), which implies that the central bank tends
to increase interest rates in times with high inflation rates, the negative link between
inflation and interest rates in the NK model is not overturned for an output response. In
contrast, for the feedback rule, we would observe a positive link between interest rates and
inflation along the dimension of the relevant state variables (price dispersion and shocks),
as long as the central bank actively follows the interest rate peg.

Let us now reconsider our thought experiment of lowering the inflation target by 50 bp,
and at the same time the short-term interest rate is decreased by 250 bp. On impact, the
inflation rate seems unaffected (moderately increases by 50 bp in the linearized version),
and both inflation and interest rates accommodate their new lower equilibria after about
15 quarters. We now compare this finding to a situation, when interest rates essentially
hit zero values (other state variables are at steady-state values). But also in this scenario,
on impact the inflation rate would remain unaffected, and then both inflation and interest
rates accommodate to lower levels. While on impact the Fisher effect (more than) offsets
the traditional negative trade-off, in the long run inflation and interest rates are expected
to decline to their new steady-state levels (cf. Figures C.1 and C.2).

Summarizing, the choice of the Taylor rule in the (continuous-time) NK model can be
decisive for the answer whether higher interest rates raise or (temporarily) lower inflation.
While the feedback rule postulates that higher interest rates necessarily correspond to
higher inflation rates (varying the relevant state variables/shocks), the partial adjustment
model supports both a negative and a positive link as in the simple model. Our results
indicate that the policy experiments imply qualitatively the same responses for interest

rates at near zero values compared to normal times about the long-run equilibrium.

3.11. Can we explain the recent episodes? Different answers?

For comparison with the simple model, we abstract from the effects of uncertainty in this
section. Although the source of the target shocks may in fact be unexpected changes in the
degree of uncertainty, the parsimonious model presented here does not generate sufficient
risk premia in order to overturn the results below. Thus, without loss of generality we

compare the effects of the simple model vs. the nonlinear approach. We discuss the effects
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of uncertainty and how it affects risk premia thereafter.

In what follows we show the insights for the ability of the full nonlinear NK model
to explain the recent episodes: (i) with sign reversal (2001-2007), (ii) including the zero-
interest-rate policy (2007-2015), (iii) with inflation rebound and near-zero interest rates

(2011), and (iv) including an apparent term structure anomaly (2004-2005).

[insert Table 4]

3.11.1. Sign reversal revisited

Comparing the simulated monetary policy shock of 500 bp (and target shock of 200 bp) to
the results of the simple model we find that the problematic prediction of the NK model
for the period 2001-2007, e.g., the counterfactual increase of the inflation rate by 250 bp,
is in fact an artefact of the linearized model around zero inflation target. Note that this
result is not a problem of linearization per se, but rather due to neglecting the non-zero
inflation target (and price dispersion).?® The full nonlinear approach with both temporary
and permanent shock to monetary policy predicts a similar V pattern of Fed Funds, 10Y
yields and core CPI inflation (cf. Table 4, Figures C.5 and C.11).

The linearized model around non-zero inflation targets shows quite similar dynamics
compared to the nonlinear model. The predictions of the simple model, however, are useful
though to look at the long-run properties of the NK model. The different predictions are

only relevant for the short-run dynamics, as the models inherit the same fixed point.

3.11.2. ZIRP period revisited

Let us now consider the monetary policy shocks together with a preference shock. The
new insights we get are really due to the nonlinear model, and not only an artefact of
neglecting non-zero inflation targets in the simple model. We simulate the monetary policy
shock of 475 bp (and target shock of 200 bp) together with a ‘preference shock’ of about
10 percent, which is assumed to follow the logistic process (cf. Appendix A.9):

dd; = pg(di —d) (1 —dy) /(1 = d) dt, d; > d, (44)

with d = 0.9130. It implies dy = 0.9220 about 1 percent larger than the lower bound.?
In other words, this shock is considered ‘large’ and thus will have completely different
dynamics than small shocks. This particular parameterization has been chosen to show

that the implied interest rate process (of the full nonlinear approach) now is a prolonged

25The linearized model around 2 percent inflation target without a target shock now predicts only a
small increase by 50 bp. But still, the same puzzling ‘sign reversal’ emerges qualitatively.

26Note that with the assumed logistic process for the preference shock the Euler equation (32) and the
definition of the risk premium (38) changes for the nonlinear model (cf. Section A.2).
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period of an apparently binding ZLB (cf. Table 4, Figures 6 and 7) . This implies a ZIRP
period of about 5 quarters, and is consistent with the Taylor principle with ¢ > 1.

[insert Figures 6 and 7|

Note that the linearized model around non-zero inflation targets shows quite similar
dynamics as the simple NK model, but strikingly fails to capture the nonlinear effects of
the logistic process (cf. Figure C.25). This result is quite intuitive because the dynamics
of the linear model (5) are the same as (44) only for small shocks.

One may ask why researches did not come across imposing different processes before?
A potential explanation is that in ‘normal times’ with smaller shocks, the local dynamics
of the assumed process (5) could have been quite successful. In normal times, when the
ZLB was out of reach, the (unobserved) shocks might have been well described by the
simple OU process. In fact, the local dynamics of the logistic process are observationally
equivalent to the dynamics of the OU process (cf. Appendix A.9). Thus, the implications
for the model dynamics can be different in non-normal times. Moreover, we show that
such shocks must be large in order to drag the interest rate close to (potentially below)
zero values. Hence, the traditional (linear and local) approach is not appropriate for
large shocks. This confirms the result in Brunnermeier and Sannikov (2014) such that
accounting for nonlinearities is an important issue in times of crises.

So distinguishing between normal times and non-normal times, in which the dynamics
are different from those at the intended equilibrium point, is one alternative interpretation
in which a single preference shock generates the observed pattern in the interest rates. We
conclude that (44) is a parsimonious specification where the dynamics of large negative
shocks (non-normal times) are different from the dynamics of a small shock (normal times).

At the same time, the linear approximation of (44) replicates the OU process (5).

3.11.3. Inflation rebound (near-zero interest rates) revisited

Recall that the simple NK model fails to replicate the observed pattern in the data even if a
target shock of 200 bp is accompanied by a negative preference shock of about 15 percent.
We now simulate the same ‘shock’ to the natural rate as in the simple NK model, which
now is assumed to follow (44) with d = 0.8667, in the full nonlinear approach. The
presumed shock implies that dy = 0.8695 is only about 0.5 percent above the lower bound
d, which makes the shock indeed large compared to normal times. This parameterization
is chosen to show the ability of the NK model to predict immobile interest rates near zero
and inflation to rebound for a single shock.?” As a result, we find indeed that inflation

may rebound (about 1 percent on impact), and then returns to the target rate of about 2

2"In particular, we do not claim that this parameterization reflects the true data generating process. It
remains an empirical task to estimate the structural parameters of the model including d and p,.
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percent, with interest rates being immobile for another 5 quarters, and eventually to lift
off to higher values (cf. Table 4, Figures C.29 and C.30).

Similar to the ZIRP period, the linear model (around zero/non-zero inflation targets)
fails to capture the nonlinear effects and is not able to generate immobile interest rates

at near zero values consistent with the Taylor principle and ¢ > 1.

3.11.4. Term structure anomalies revisited

Similar to the simple model, the rotation in the yield curve between 2004 and 2005 is
obtained if the observed monetary policy shock is accompanied by a preference shock. For
comparison with the simple model we set d = 0 (i.e., nonlinear effects are less important)
together with p; = 0.4214. This refers to the logistic growth model with similar dynamics
as the OU process nearby the steady state. We simulate the effects of a monetary policy
shock increasing the interest rate by 150 bp, which is accompanied by a negative shock to
the natural rate of about 10 percent (keeping the inflation target about 2 percent).

Similar to the simple NK model, the simulated response basically replicates dynamics
of macro aggregates and the rotation in both yield curves (cf. Figures C.35 and C.36).
In fact, the predicted inflation dynamics are more realistic, on impact it drops by 50 bp
and then increases back to the target level (cf. Table 4).2® Our findings are consistent
with the ‘expectation hypothesis’ explanation in the literature, which says that the term
structure simply reflects expectations of future inflation and the output gap. Hence, if
the FOMC raises policy rates today but, because of lower expected inflation, this leads
agents to anticipate lower short-term interest rates in the future, then long-term interest
rates could actually decrease (cf. Giirkaynak and Wright, 2012, p.333).

The linearized model around non-zero inflation targets shows quite similar dynamics
compared to the nonlinear model. So apart from the alternative specification for the
preference shock dynamics, the parsimonious NK model presented in the main text does
not inherit important nonlinearities. Although a preference shock of the same order of
magnitude as during the ZIRP period is assumed, here the initial value for d; is sufficiently

above its ‘natural’ bound d = 0, so the nonlinear dynamics do not matter here.

3.12. Discussion of the new insights

The full (nonlinear) approach and the local dynamics around positive inflation targets give
rise to at least four insights. First, the effects of risk affect the long-term interest rates and
are one potential explanation for changes at the long-end of the yield curve (term premia)
similar to changes in the inflation target. This risk channel, however, is negligible in

the standard NK model, but can be relevant in models where risk matters quantitatively

28We abstract from ‘adjusting’ price dispersion downwards in 2004 for our experiment, which in fact
would decrease the level of inflation. Hence, the predicted rate is even interpreted as an upper bound.
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for asset pricing (see Parra-Alvarez, Polattimur, and Posch, 2018).%° Second, shifts in
monetary policy, or its perception, are important to generate the inflation dynamics and
the correlation with interest rates as in the data. We confirm the hypothesis that inflation
persistence is driven by variations in long-run policy (cf. Cogley and Sbordone, 2008).
Third, we replicate the findings in Coibion and Gorodnichenko (2011), showing that the
conclusion about determinacy in the NK model is different in models with positive trend
inflation. This is important, because the numerical solution approach can determine the
theoretical prediction of the model. Similarly we find that the output response helps to
obtain determinacy in the feedback model, whereas the partial adjustment model seems to
be more robust to positive inflation target because of the interest smoothing component.
Fourth, a nonlinear approach can generate a ZIRP period in which ¢ > 1.

Our results document the ability of the NK model to explain the recent episodes,
including the ZIRP episode with active monetary policy, ¢ > 1, which is in line with the
theoretical prediction at both ends of the yield curve (cf. Table 4). Hence, we contribute
to the recent discussion because the standard approach is not able to explain a prolonged
period of stable quiet inflation at near-zero interest rates. We show that the nonlinear
NK model is able to generate phenomena similar to those observed in the data, e.g., by
allowing for a logistic shock process to the natural rate, which is observational equivalent
to the standard OU process at the long-run equilibrium values, but has quite different
dynamics for large shocks. We also show that the implied yield curve motivates and
supports changing target rates as suggested in the empirical literature.

We do not advocate that the ZIRP period has been generated by a preference shock.
Among others, a persistent monetary policy shock may generate similar dynamics. It is
well known that identification of shocks is not an easy task, but this is a regular task of
empirical macroeconomics, so it remains an empirical question and “not a special task
that must be relegated to theory or philosophy alone” (Cochrane, 2017b, p.61). We show
that the nonlinear approach largely extends the theoretical model predictions and suggest
a potential remedy to the standard NK model. Our experiments, in particular those for
unconventional monetary policy, challenge some of the standard identification schemes,
e.g., those restricting monetary policy instruments not to affect long-run economic activity

(for recent empirical identification schemes, see Ramey, 2016; Uribe, 2017).

4. Conclusion

In this paper we show the ability of the NK model to explain the recent episodes, even
when restricting ourselves to the regions of (local) determinacy. We show that the NK

model with active monetary policy supports both views that higher interest rates result

29Introducing recursive preferences produces a large and variable term premium without compromising
the model’s ability to fit key macroeconomic variables (cf. Rudebusch and Swanson, 2012).
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into higher long-run inflation (neo-Fisherian view), but at the same time higher interest
can temporarily reduce inflation (traditional view). We also show that the Taylor rule
requires an interest smoothing component to obtain the temporary negative effect. Central
to our finding is that monetary policy actions (changes in short-term rates) may trigger
variations in long-term target rates, a view that is motivated by empirical data. Allowing
further for temporary shocks to the natural rate allows us to understand several puzzles
in the literature, including apparent term structure anomalies. We also show that a
nonlinear approach can be used to generate a ZIRP period with stable and quiet inflation,
fully consistent with the model predictions. We review several important insights related
to positive trend inflation and determinacy in the NK model.

So the full NK model with positive trend inflation and the way we interpret monetary
policy shocks suggests a partial remedy compared to the simple NK model, which typically
is approximated around zero target rates (no trend inflation). With a nonlinear solution
method, accounting for nonlinearities which can be important after ‘large’ shocks, the NK
model may also generate a ZIRP period, in which near-zero rates are regarded as a policy
choice without a threat of high inflation. We also show how uncertainty is introduced in
this framework and shed light on the channels through which they affect the results.

We believe that this paper is a starting point for several lines of research. First, we
may extend our approach to a medium-scale model, allowing for other nominal and/or real
frictions, habit formation, variable capacity utilization and adjustment cost as in models
used by central banks for policy analysis (e.g., Christiano, Eichenbaum, and Rebelo, 2011),
or by including a financial sector (e.g., Brunnermeier and Sannikov, 2014). Second, we
should estimate the structural parameters using empirical data. One key advantage of the
continuous-time approach is that the model solution is consistent with different frequencies
of macro and financial data (cf. Christensen, Posch, and van der Wel, 2016). A promising
starting point is to combine traditional estimation approaches such as the particle filter
with an Euler discretization scheme of the equilibrium dynamics and use the standard
econometric toolbox. Alternatively, we can use the continuous-time econometric toolbox
developed in the financial literature and apply them to our macro models. Third, we
may study the monetary policy transmission in a heterogeneous-agent economy, e.g., with
idiosyncratic income shocks (cf. Kaplan, Moll, and Violante, 2018).

Our ultimate goal is not to advocate the use of continuous time over discrete time in
all applications. In this paper, we merely show how to handle models in macroeconomics
which exhibit nonlinearities, and where a local approximation scheme might fail to give the
right answers. Although formulating and solving complicated problems in macroeconomics
is important, we also aim to provide a simple device to develop intuition, conceptualize,

and facilitate the way we think about dynamic problems in economics.
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A. Appendix

A.1. Technical details

#da; on p.16: The household can trade on Arrow securities (excluded to save on notation)
and on a nominal government bonds b; at a nominal interest rate of #;. Let n; denote the
number of shares and p? the equilibrium price of bonds. Suppose the household earns a
disposable income of i,b; + pywil; + p,T; + pF ¢, where p, is the price level (or price of the
consumption good), w; is the real wage, T; is a lump-sum transfer, and F, are the profits

of the firms in the economy; the household’s budget constraint is:

dn, — itby — prcy + prwily + peTy + pek o dt. (A.1)

Py

Let bond prices follow:
dp; = oupjdt (A.2)

in which «; denotes a price change, which is determined in general equilibrium (in equilib-
rium prices are function of the state variables, for example, by fixing o, the bond supply
has to accommodate so as to permit the bond’s nominal interest rate being admissible).

The household’s financial wealth, b, = n,p?, is then given by:
dby = (itby — prer + prwily + iy + peF ¢ )dt + aubedt, (A.3)
Let prices p; follow the process:
dpy = myp,dt (A.4)

such that the (realized) rate of inflation is locally non-stochastic. We can interpret dp;/p;
as the realized inflation over the period [t,¢ + dt] and 7, as the inflation rate.
Letting a; = b;/p; denote real financial wealth and using [t6’s formula, the household’s

real wealth evolves according to:

dat = % - b_;dpt - itbt — it i ptwtlt i ptﬂ i ptFt i atbt dt — b—;ﬂ'tptdt
Pt 2 Pe 2
or:
da; = ((ir + = me)ar — ¢+ wily + T 4 F ) dt (A.5)

Since government bonds are in net zero supply, b; = 0, it implies a; = 0 for all t. =
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#dxy, on p.18: Differentiating x;, in (14) with respect to time gives:

1 1 1—¢
—d _ (p+5)t 1—e dE / A, (p+o&)r [ - d
4o B [ e o) vdr
E )\ (p+0)T 1 ' d 1 d (p+0)t, 1—¢
+1ty t e p_T Yr Td— (e Dy )

1—¢
= _)\tyt + (p + ) + (1 - 8)71'25) Et/ )\ e (p+3)(7—t) (ﬁ) yq—dT

t T

or (16) in the main text. A similar procedure gives (17). m

#dmy on p.19: Differentiating (18), we obtain the inflation dynamics as:

1 1 1
—dr, = §(II) " —dIll = 6 (1)) ° ———d (%)

dt dt e—1dt \z
= O : 1%,,: (édxz,t _ %édxu)
sy thm . i_éd)

_ 5(1_[:)1—5 <x1tdltdx2t iédxl t)

— 5 (H*)l—a ((6 — emy) Tay — Aemcyy) _ ((6+ (1 —e)m) x40 — M)
! Lot Tt ’

e me 1
= —5(r)" (7rt + (—t — —) )\tyt)
Tat Tt

which is (19) in the main text. m

#dv, on p.20: Differentiating (23) with respect to time gives:

1 _ | pir\ ©
—d — )¢ —de80=7) [ £2T d
artv = o) +/005dt ‘ (pt) '

t .
= 6(I1;) " — 5/ Se0=T) (%) dr + / Se =) &dpth

t
= 0(I}) " — dv + 56_5(t_7)p;55p§_1adptd7

= 9 (H:)_a + (Eﬂ't — (5)’025,

or (24) in the main text. m
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#F on p.20: For aggregate profits, we use the demand of intermediate producers in (22):

1 .
Fe = / <@ — mct) Y di
0 y4s
Y (b pit\
= yt/ <—Zt —mct) <—Zt> ds
0 Y Y4
1 D; 1—¢
= / (—Zt) di — mevy | ye
0 Dbt

= (1 —mcv)y,

which is (25) in the main text. =
#V (Z, X;) on p.21: The HIB equation (26) in scalar notation reads

l1+19
oV(Zy;Yy) = gﬁgdt {logct — w1t+ 19}
+ (i —m)ar — e +wely + T+ F o) Vi
F(00 (11 = Tss) + 00, (ye/yss — 1) = 0(ir — 1)) Vs + 500,V
+ (6(I5) " + (eme — O)v) V4,
—(pglogdy — $03)diVy + 205d; Vg
—(palog Ay — l0124)14151/,4 + l(71241421/,4“1
—(pg log sg¢ — )sgtV + Vig- (A.6)

2ggt

[ |
#dV,(Zy, Xy) on p.22: From A.6, the concentrated HJB equation in scalar notation reads

UZy: Y)Y
pV(Zi;Y,) = diloge(Zy; Yy) —dﬂ/f%

+ (i — m)ar — c(Ze; Yi) + wil (Ze; X)) + Ti + F 1) Va

(00, (T — ) + 00, (ye/Yss — 1) — O(iy — iss)) Vi + 300V
+(0(I) " + (e — 0)v,) V,,

—(pglogd; — 503)diVy + $05d; Vaa

—(palog Ay — lUi)AtVA + lUiAQVAA

—(pylog sy — $00)544Vy + v, (A7)

2ggt99
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Using the envelope theorem, we obtain the costate variable V, as:

Vo = (g —m)Vo+ ((ip —m)ay — o +wily + Ty + F ) Vaa
+(00, (7t — Tss) + 00, (Ye/Yss — 1) — O(it — 1)) Vea + 102 Vira
+ (6 (I)™° + (e, — 6)vy) Vg
—(pglogdy — 303)d\Vae + L05d7 Vs
—(palog Ay — L0%) AViaa + 305 A Vi,

—(pg log sy — %az)sgvtvga + %oﬁsjtvgga. (A.8)

An alternative formulation in terms of differentials is:

(P - 'L.t + 7Tt) V;zdt = V;wdat + (dlt - O-mdBm,t)‘/ra + %0-7271‘/7’7’(1 + ‘/vadvt
+ (ddy — 04dedBay) Vaa + 305d; Vagadt

+ (dA; — 044 dBay) Vaa + 50547 Varadt + (dsgy — 0456 Byy) Via + 50057 Vygadt

or

(p - it + 7Tt) Vadt + UddtvdadBd,t + UAAtVAadBA,t + UgSg,t‘/gang,t + O-mit‘/radBm,t
- V;wdat + ‘/radit + %Uiﬂfvrm + ‘/vadvt

+Vaaddy + 307d; Vaadt + Vaad Ay + 305 A7Vaadt + Vyadsgs + 307057, Vyadt.

Observe that the costate variable in general evolves according to:

AV, = Vieda; + Viodiy + 102 Vipodt + Viuduy
+Viadd, + 30507 Vagadt + Vagd Ay + 505 AVanadt 4+ Viudsg + 30257 Vigadt
= (p—ig+m)V,dt
+04diVaedBat + 04 AV aodBay + 04501Vad Byt + 0, Vied By,

which is (30) in the main text. =
# mgs/my (SDF) on p.22: Starting from (30):
1

dea VAQa V2a ‘/7"211
dlnV, = VadVa - %Uédfwdt — 103 A7 2 dt — %aﬁs;t%dt — 107, 2 dt

: Vita Via Via
= (p — 1t + Wt)dt + O‘ddt—ddBdﬂf + O'AAtidBAJ + Og$g7ting7t

Va Va Va
V;"a 1 2 ZVYan 1 2 ZVIZG 1 2.2 ‘/gza 1.2 V?a
+0m7adBm7t - §Oddt Wdt - EUAAIE V2 dt — §o-g8g,tﬁdt — §Om V2 dt.
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For s > ¢, we may write:

—p(s—t) V (Z Y )
Vo (Zy; Yt)
—ft — my)du — 2 ts “/;ig 2ddu — 2 fts “/;‘2“0124A2du
exp —5 ts “//2 0353 Ldu — 5 ft ‘}502 du

+ fts Via oqd, dBdu -+ LS Vag o4 A, dBy T fts an Sg7ung7u + j;fs “/;aa UmdBm7u

which denotes the equilibrium SDF mg/m; in (31). m

A.2. Obtaining the Euler equation

Using the first-order condition (27) and (30), we obtain the implicit Euler equation:

d (f—:) =(p—is +m) <‘Ci:) dt

+0oqds <l - d—cd) dBg; — OAAtd cadBay — ogsgvtd—;cgng,t - crmd—;c,ndBm,t.
¢ c? & &
Vaa = — (di/c2) ca+ 1/cy, Vag = — (di /) ca, Voo = — (di/F) ¢y, and V,, = — (dy/c}) ¢, are
expressed in terms of derivatives and levels of the consumption function. This equation
has a simple interpretation: the change in the marginal utility of consumption depends
on the rate of time preference minus the effective real interest rate and four additional
terms that control for the innovations to the four shocks to the economy.

Hence, by applying 1t0’s formula we obtain the Euler equation:

o(§)-(2) o-sema(2)s

o <_t - _Cd) 4Bas = UAAt_;CAdBAvt - Oysg,t_écgng,t - Um_;CTdBm,t}
Ct Ct Ct Ct Ct
i di _odi - df 2 2 02
T\ — —2—5ca+ 1 A2—c 2g2 L2 4 o2 L) dt,
<Ct) (ad (Ct a “d et A T oy 9.t 4% Umc;“

which simplifies to

—0y4 (ﬁ — cd) dBg; + aAAtdt_chdBA,t + crgsg,tdt_lcgng,t + amdt_lcrdBmi

Cy

d d;! d;! , d;t
+(03 <ﬁ—20d+c—tc§) A2;_cA+ag gtC—C + o2 —c) dt,
t
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or

- 2 df A7 250t 2 Ly
de; = —(p—i;+m)edt+ o2 cddt+aA cAdt+ag dt+cr —crdt
Ct Ct "y
+o4cqddBgy + OAAtcAdBAvt + 045g1cqdBy + e, d By

—cipy log didt + %cta?ldt — cqdyo3dt, (A.9)

which is (32), and ¢; = ¢(Z;; Y;) denotes the household’s consumption function. A similar

approach implies the Euler equation for the alternative shock process as:

d2 A2 2 .
de; = —(p—1y +7Tt)ctdt+od—cddt+aA Adt + 3 i 2dt+cr —cht
Ct Cy Ct ey
+o4AicadBay + 0454c4d Byt + 0 d By,

A.3. Equilibrium

We define the recursive-competitive equilibrium of the nonlinear NK model with shocks
by the sequence { A, Iy, ay, mcy, T14, Tog, F oy Wi, iy, ge, Ty, w0, I v, Y, dyy Ay, Sg4} e, Which

is determined by the following equations:
e Euler equation, the first-order conditions of the household, and budget constraint:

Equation 1
dey = —(p — iy + 71 — 04 — 0303 02,6+ pglogdy + (¢a(1 — ¢q) — L)od)edt
+0o4C4cidBay + oacacidBay + 04Cic,d Byt + 0 Creid By
Equation 2
@/}lfct = Wy
Equation 3
dt/Ct =N
(redundant)

day = ((i¢ — ¢ — m)ay — co +wely + Ty + F ) dt
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e Profit maximization is given by:

Equation 4
. € Ty
Foe—1 Tig
Equation 5
dris = ((p+0 — (e = D)myp)wyp — Aye) dt
Equation 6
drey = ((p+ 0 — emy) oy — Mypmey) dt
Equation 7
Fi= (1 —mcu)y,
Equation 8

Wt = Atmct

e Government policy:

Equation 9

d’it = (9¢ﬂ_<ﬂ't — ﬂ-ss) + 9¢y<yt/yss — 1) — 9(% — Zss))dt + O'mdBm,t
Equation 10

gt = SgSg,tYt
(redundant)

Ty = —i4a; — S¢S¢.tYt

e Inflation evolution and price dispersion:

Equation 11

Equation 12
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e Market clearing on goods and labor markets:

Equation 13
Y = ¢+ g (expenditure)

Equation 14

A
y, = —1, (production)
Ut

(redundant)

Yy = wly + F¢  (income)

e Stochastic processes follow:
Equation 15

dd, = — (pd log d; — %UZ) didt + 04d;d By

Equation 16
dA; = — (palog Ay — 10%) Aydt + 04 A;dBay

Equation 17
d$g7t = — (pg log Sgt — %0’3) Sg,tdt + Ugsg,tng,t

Note that using the household’s budget constraint, we get in equilibrium:

dCLt = ((Oét — 7Tt)(lt —C — Gt + yt>dt

= (Oét — Wt)atdt,

where for da; = 0 either oy, = 7, and/or a; = 0 for all ¢ (we use a; = 0 and o = 0).
Moreover, in equilibrium the law of motion for the discounted expected future profits,

x1, and discounted expected future costs x5, are not a function of the control variables:

Aoy = (((war/z14)e/(e — 1)) 61y — Meyr) dt
= (((:L’g,t/xu)g/(e — 1))1_6 b1y —dy /(1 — sgsgﬂg)) dt

and similarly:

dzey = ((s ((war/x14)e/ (e — 1))1_5 — 1) dxo4/(e — 1) — )\tytmct) dt
= (((:cg,t/xu)g/(g — 1))176 dxase/(e — 1) — dxoy/(e — 1) — med; /(1 — sgsg,t)) dt
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Note that the TVC requires that lim;_ ., e ?"E¢V(Z;) = 0, in which Z; denotes the

state variables along the optimal path in line with general equilibrium conditions.

A.4. Proof of Proposition 1

We insert de; from (32) and the law of motions for the state variables

- 207 5 2 A 5 2504 2 2 1 o
—(p — iy + m)epdt + og—cydt + o —cudt + o, == dt + 0, —c;dt
Ct Ct Ct Ct

+0ogcqdidBay + 04 ArcadBay + 04541¢,d By + 0pcd By
—cipglog dydt + %cta?ldt — afldtcddt
—%crrafn dt — %cdd(addt)zdt — %CAA(UAAt)th — %cgg(agsg,t)zdt =
Co (g —m)ay — ey +wily + Ty + Fy) dt
+er (00, (T — Tas) + 00, (Yi/Yyss — 1) — 0(ir — iss))dt + 0 dByre)
+e,(6(1 4 m(1 — €)/0)T= + (em; — 6)v,)dt
+ea(— (pA log A; — %ai) Aydt + 04 A dBay)
+eq(— (pd log d; — %03) dydt + 04dydBgy)
+cq(— (pg log 54+ — %aﬁ) Sgadt + 045,,dBy¢)

Collecting terms together with
Co =~V Vg
¢ ==V, Vor,  Cpp =24V, V2 — AV, Vo,
Cy = —dtva_QVau
ca =V, ' = diV; Vg, Caa = =2V, Vaq +2d,V, V2 — AV, *Vaaa,
ca=—dV, Vou, can=2dV, V2 — dV, *Voan

Cg = _dtVa_QVGQa Cgg = 2dtva_3Van - dtVa_Qvagg
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we may eliminate time (and stochastic shocks) and arrive at

—(p — iy +m)d,V, 1At
2

+0? dtVt_l (Vo2 = 2d V2V, W + 7V, V2 dt
2
2 S t 2 4y 72 1 2v7—41/,2
+0AdtV -7V, VAdt+agdé A dt+amdv AV, VAt

+oa(Vy = diVy Vaa)didBay — 0aAidV, 2VoadBay — 0,454.d,V, Vi, d By,
—0mdiV, Ve dByy — diV,  pylog dydt + 3d,V, ' oidt
—oadi(V, = dV, 2 Voa)dt — 3 (24,V, V2 — dyV, 2V, ) 02, dt

— 2 (=2V, *Vaa + 2dV, PV — diVy *Vaaa) (0ady)?dt
—1 2V, PV — diV, Vaaa) (04 Ay dt
=1 (2d,V, V2 — AV, P Vagg) (045g4)°dt =

—d, V.7 Voo (i — 7)) ay — ¢ +wily + Ty + F ) dt
—diV, 2 Var (00, (0 — Tss) + 00, (ye /yss — 1) — 0(iy — iss))dt + 0 d By
—d, V2V (6(1 + m(1 =€) /6)T= + (emy — &)vy)dt
—d, V.7 2 Vu(— (pA log Ay — %ai) Adt + 04 AdBay)
+(V, ' = diV, Vo) (— (pglog di — 107) dedt + 04didByy)
—d; V.~ 2Vag( (pg log sy — %aﬁ) Sg1dt + 04551 Bg )

which can be simplified to

—(p— i+ m)Vodt =
— (3¢ — m)ar — et + wely + Ty + F 1) Vaadt
—(0¢ (T — mss) + 00, (yi/yss — 1) — O(iy — iss) ) Vardt — 3Varro, dt
—(6(1 4+ m(1 —£)/8) 1= + (emy — 0)v) Viydt
+ (palog Ay — 20%) AVaadt — LVoaa(oaAy)*dt
+Vaa (pglog dy — £07) dpdt — $Voggoid;dt
+Vag (,og log sg4 — 1 ) Sg¢dt — Vagg(agsgt) dt

such that (36) must hold as an identity.

A.5. Analytical results

Steady-state. Suppose that without shocks the economy moves towards its steady state.

Setting the variance of shocks to zero yields the deterministic steady state values.
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e Euler equation, the first-order conditions of the household, and budget constraint:

Equation 1
Tos = lss — p
Equation 2
Pl Cos = Wes
Equation 3
dysCyy = Ass
e Profit maximization is given by:
Equation 4
T — € T2ss
e —1xy s
Equation 5
0= (p+0—(c—1)Tss)T155 — AssYss
Equation 6
0=(p+0—em) Tass — AssYssMCss
Equation 7
Fss = (1 — messvss)Yss
Equation 8

Wss = Assmcss

e Government policy:

Equation 9
(This equation is an identity in the steady state.)
Equation 10

Gss = S¢Sg,s5Yss

e Inflation evolution and price dispersion:

Equation 11

((H:s)lie - 1)
Equation 12
0=208(IT%,) " + (emgs — 0)vss
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e Market clearing on goods and labor markets (one condition is redundant):
Equation 13

Yss = Css + gss  (expenditure)
Equation 14

Ass
Yss = —lsg (pl"oduction)
(Y

Ss

(redundant)

Yss = Wsslss + F 55 (Income)
e Stochastic processes:

Equation 15

des =1

Equation 16
Ay =1

Equation 17
Sg.6s = 1

Given the level of steady-state inflation, around which the model often is (log-)linearized,

we obtain the following steady-state values. Using Equation 1, we obtain:

iss =Tss+p

Using Equation 11, we obtain the steady-state value for the price ratio:

I, = (1= (e = 1)(mas /)7
Using Equations 5 and 6 we can solve for the steady-state value of the marginal cost:

Mmcss = (p +0— 877—35) (1 - SgSg,ss)sts/dss

or

(p+06—emgs)
(p n 5 — (8 _ 1>7Tss) (xQ,ss/xl,ss)
which by inserting Equation 4 gives:

mcgs =

p+o—emyg e—1
p+o—(e—Dmgs & *°

McCgs =
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Hence, we obtain
T1,ss = dss/((1 — 3939,88)(10 +0— (e —1)my))

and
Toss = (1 — 1/e)xy 6115,

Using Equation 8, we obtain
Wss = Assmcss

Using Equation 12 gives the steady-state value of price dispersion

0 (IT5,) ™

Vss =
0 — EMgs

Using Equation 14, we obtain
Yss = Asslss/Vss
Using Equation 13 and Equation 10 yields
Yss = Css/ (1 — 8450,55)
Combining the last two equations gives
Agslss [Vss = Css/ (1 — 848g,s5)

Using Equation 2 we get

%
wlsgcss = Wss

hence we can collect terms to obtain

1

I — ( WssUss )ﬁ
* Y1 — 5939,88>Ass

Using Equation 7 and Equation 14 we get

Fss - (1 - mcssvss)Asslss/'Uss

The deterministic values, however, do not necessarily correspond to the stationary
points in the absence of shocks, i.e., the values at which the variables are expected to stay
idle in the presence of risk. Hence, the stochastic steady state values are obtained from

the conditional deterministic equations, setting the random shocks (not their variances)
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to zero. We may thus start with (7) and compute E(dd;) =0, or
0 = —(pglogd, — 203) didt = dys =exp(305/py)

The stochastic steady state values are similar to — but do not necessarily reflect — the first

moments of the variables. For example, the preference shock implies:
t
dlogd; = —pylogdidt + 04dBg: < logd, = e Pt log dy + ad/ eP(s=t) dB;,,
0

which has a long-run (or stationary) Normal distribution logd; ~ N (0, 303/p,).** Hence,
if log d; is asymptotically normally distributed, the variable d; is log-normally distributed
dy ~ LN(0, %02 /p,) with expected value

E(d;) = exp(303/pa)
Similarly, we obtain the stochastic steady states for

0 = — (pA log At — %0'?4) Atdt = Ass = eXp(%O?A/pA)

0 = — (pg log 4 — %a?) Sgidt = Sy = exp(%az/pg)

It shows that the unconditional mean value of the stationary distribution roughly coincides
with our notion of a stochastic steady state. But even if the process started at its long-run
stationary mean value dy = ia?l /pg, our derivations show that the infinitesimal change in
the variable d; at ¢ = 0 is expected to be positive, only at the value dy = %ai/ pg, the
process is expected to stay at the same value such that E(dd;) =0 at ¢t = 0.
Steady-state. In the presence of uncertainty, in case the dynamic variables approach a
stochastic steady-state distribution (a stationary distribution), they also approach their
stochastic steady-state values (in the absence of further shocks). Hence, for a given infla-

tion target 7y, the Euler equation (37) determines the long-run value ig.

30The moments of the stationary distribution can be obtained from

d(logd;)* = 2logd;dlogd; + o3 dt
= —p,2logd;logdidt + 42logd;dBa s + o2 dt

the expected value reads

dE(logde) = —padE(logdi)dt <« E(logdy) = e "' logdy = lim E(logdy) =0

and
dE((log d;)?) = —p 2E((log dy)?)dt + o2 dt

such that
E((logd;)?) = Var((log d)*) = $05/p4
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e Euler equation, and the first-order conditions of the household:

Equation 1
Tss = lgs — P+ 6303 + 631031 + 6303 + 6?0371 — %@dafl — %@mai — %69903 -5
Equation 2
Pl Cos = Wes
Equation 3
dysCyy = Ass
e Profit maximization is given by:
Equation 4
T — € T2ss
e —1xy s
Equation 5
0= (p+0—(c—1)Tss)T155 — AssYss
Equation 6
0=(p+0 —em) Ta5s — Ass¥ssMCss
Equation 7
Fss = (1 — messvss)Yss
Equation 8

Wss = Assmcss

e Government policy:

Equation 9
(This equation is an identity in the steady state.)
Equation 10

Gss = S¢Sg,s5Yss

e Inflation evolution and price dispersion:

Equation 11

((H:s)lie - 1)
Equation 12
0=208(IT%,) " + (emgs — 0)vss
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e Market clearing on goods and labor markets (one condition is redundant):

Equation 13
Yss = Css + gss  (expenditure)

Equation 14

Ass
Yss = —lsg (pl"oduction)

Ss

(redundant)

Yss = Wsslss + F 55 (Income)

e Stochastic processes:

Equation 15

dss = exp(303/py)
Equation 16

Ags = exp(307%/74)
Equation 17

Sg.ss = exp(%az/'rg)

Given an inflation target 7, Equation 1 pins down the long-run interest rate as

2_
g

2

, 2 2 2 2 22,22 1~ 2 1~ 2 1= 1~ . 9
Iss = Tss + p— (Cqogq + Ca0a + Cy0, + 05, — 5Cad0y — 5CAA04 — 5Cg0, — 5Crr0,, — Ca0y)

or
Z.ss :7Tss+p+RPss

Using Equation 11, we obtain the steady-state value IT?

I, = (1= (e = 1)(mau/0)) ™
Using Equations 5 and 6 we can solve for the steady-state value of the marginal cost:
mcgs = (p + o — 877—35) (1 - SgSg,ss)sts/dss

or
1Y + 5 — ETgs x2,ss

p+ 0 — (5 - 1>7Tss T1,ss

mcgs =
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which by inserting Equation 4 gives:

p+o—emgg e€—1
p+d—(e—1)mgs ¢

mcgs =

*
HSS

Hence, we obtain
T1,ss = dss/((1 — 3939,88)(10 +0— (e —1)7ys))
and

Toss = (1 — 1/e)xy 6115,
Using Equation 8, we obtain

Wss = Assmcss

Using Equation 12 gives the steady-state value of price dispersion

0 (IT5,) ™

Vss =
0 — EMgs

Using Equation 14, we obtain
Yss = Asslss/Vss
Using Equation 13 and Equation 10 yields
Yss = Css/ (1 — 8450,55)
Combining the last two equations gives
Agslss [Vss = Css/ (1 — 848g,s5)

Using Equation 2 we get
wlfgcss = Wss
hence we can collect terms to obtain

1

I — ( WssUss )ﬁ
*” Y1 — 5939,88>Ass

Using Equation 7 and Equation 14 we get

Fss - (1 - mcssvss)Asslss/'Uss
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A.6. Linear Approximations

In order to analyze local dynamics, the traditional approach is to approximate the dynamic

equilibrium system around steady-state values. We define we &; = (x; — x45) /255, where

T4, is the steady-state value for the variable z;. Thus, we can write z; = (1 + &;)x,s.2"

e Euler equation, the first-order conditions of the household, and budget constraint:

Equation 1
d(cr/css = 1) = —=(p = iv + ™ + pa(dy/dss — 1))dt
Equation 2
¢/ css T Ol /lss — 1) = wi/wss
Equation 3
di/dss — Ct/ss = M/ Ass — 1

e Profit maximization is given by:

Equation 4
I} = @y — @1y

Equation 5

d(z14/71,6s = 1) = ((p + a2)(@14/ 71,55 — 1) — (6 = 1)(me — 7)) dE

—Yss(dss/Css) (Ye/yss = 1) + (di/dss — 1) = (ct/css — 1)) /215 dE
Equation 6

d(2or/Toss — 1) = (a1(2o4/T2ss — 1) — e(my — mg)) dt
—MCssYss(dss/Css) ((Mer/Mmess — 1) + (Y /Yss — 1) + (di/dss — 1) — (ct/css — 1)) J2o,55 dE
Equation 7
(1 = messvss)(F o/ Fss — 1) = (1 = messvss) (Ye/Yss — 1) — mcssvss(mey /mess + ve /vss)
Equation 8
wyfwgs — 1 = Ay /Ags + mey/mess

31In what follows we (log-)linearize around non-stochastic steady-state values, in particular, we assume
certainty equivalence (as an approximation), which amounts to setting 0% = 0% = 0% = 02, = 0.
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e Government policy:

Equation 9

d(lt - iss) = (egbw(ﬂ-t - 7Tss) + egby(yt/yss - 1) - e(lt - 'L.ss)) dt

Equation 10
gt/gss —-1= Sg,t/sg,ss + yt/yss

e Inflation evolution and price dispersion:

Equation 11
Ty — Tgg = (5 + (]- - g)ﬂss)(x2,t/$2,ss - xl,t/xl,ss)

Equation 12
d(v/vss — 1) =

ETss
04 (1 —&)mss

e Market clearing on goods and labor markets:

Equation 13

Ye/Yss = Ct/Css + SgSg.ss/ (1 — Sg5g.65)(Sg,t/Sg,ss — 1)
Equation 14

yt/yss - At/Ass + lt/lss - Ut/vss

e Stochastic processes follow:

Equation 15
d(dy/dss — 1) = —py(dy/dss — 1)dt
Equation 16
d(Ae/Ass = 1) = —pa(Ae/Ass — 1)dt
Equation 17
d(sg./8g.85 = 1) = =py(8g./5g.ss — 1)dl
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Hence, we may summarize the local equilibrium dynamics around steady-state values as:

di,

déy

9(¢7Ta2<i‘2,t - il,t) + (by(ét + Sgsg,ss/<1 - SgSg,ss)ég,t> - (Zt - iss)) dt

Eﬂ-ss(i‘Q,t - :i‘l,t)dt + (577-58

—pddAtdt

—pAAtdt
_pgég,tdt

— §)b,dt

((p+eag)tiy — (e — 1)ag@aos — Yss(dss/Css) (8gSg.ss/ (1 — 848g.55) 39t + dt)/xlvss)dt
(aﬁ:zt - 5a2(§72,t - £17t>> de

—a1 (1 +0)(5g5g.05/(1 = 55g.5)3g.4 + & — Ar) + Doy + dy)dt

((it - iss) - az(fQ,t - fi"l,t) - Pddt)dt

in which we define percentage deviations &; = (z; — xss)/xss and used the definitions for

a; = p+ 09 —emg, and ag = 0 + (1 — )7, in the main text.

In order to analyze local dynamics around the non-stochastic steady state, we need to

study the eigenvalues of the Jacobian matrix evaluated at the steady state:

1 —

,LSS

aii

o O O o o O

agy

0

a22

Q72

0
0

a33

Qg3
73

ag3

0 as
0 0
0 0
ass O
0 ass
0 aes
Q74 Q75
0 0
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(26

Qg6
76

age

ary

Aoy

(€574
Q77

agz

@18

o O O O O

a7s

dt



where a;; = -0
a5 = 00,855g,65/(1 — 54g.55)
ag = —0¢, as
ay; = 6¢a
aig = 09,
Uoy = ETMgs — O
Qgs = —ETgs
Qo7 = ETgs
asz = —pPq
Qg4 = —TA7
asy, = —ry
63 = —Yss(dss/Css)/T1ss
g5 = —Yss(dss/Css)SgSg,s5/(1 = 5gg,55) [ T1,55
agsg = p+Ecaq
agr = —(e—1)ag
arp = —a¥
azz3 = —aq
ary, = a(1+9)
ars = —ai(149)sy5g.5s/(1 — 545,55
g = Eas
Q77 = a1 — EQg
ars = —ar(1+9)
ag; = 1
ag3 = —Pq
age = G2
g7 = —a2

Recall that from (35) we may obtain the linearized static condition (not necessary):
ey = —(1+ 9)(Ay — &) + 0, + 5,/ (1 = 59)31)
and the output gap is defined as:

yt/yn - 1 = yss/yn<At/Ass + lt/lss - Ut/vss> - 1
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where y,, is the level of potential output that would prevail under flexible prices.

A.7. New-Keynesian analysis

This section sheds some light on the implications of the NK model for both the IS-curve
and the NK Phillips-curve. We compare the implications of the nonlinear model with the
(log-)linear approximation of the model currently used in the literature.

We start with the NK forward-looking Phillips-curve, which from (19), the first-order

condition \; = d;/c;, and the market-clearing condition ¢, = (1 — s45,,¢)y: reads:
dmy = —(0+ (1 —e)my) (mp + (mer/xar — 1/w14) dif (1 — s4544)) dt,

which together with me¢; = 1/11,51“9(1 — 545g.¢)/vr and l; = y,vy/A;, among other variables,
shows the response of inflation to the output gap.?? Hence, the linearized Phillips-curve

around (stochastic) steady-state values reads (see appendix Section A.5 for definitions)

dmy = —(0+ (1 — &)mss)(m — mes)dt
—(0 4+ (1 —e)mss) (p+ 0 — emss) (mey/mess — 1)dt
—(0+ (1 —e)mss) (p+ 0+ (1 —e)mgs) (14/x1,6s — 1)dt
+(0 4+ (1 —e)mss) (p+ 0 — emss) (a1 /X055 — 1)dE
(0 + (1 = e)mas)mas(de/dos — 1)dt
B+ (1= 20T (355050/ (1 = S5g0)) (5005000 — 1)

in which
Ty — Tgs = (5 + (1 - 5)7Tss)(x2,t/x2,ss - xl,t/xl,ss>

It shows in the NK Phillips-curve how the change in inflation depends on marginal costs.

We may insert the linearized equation for marginal cost,

mct/mcss - 1 - (1 + ﬁ)(yt/yss - 1) - (1 + ﬁ)(At/Ass - 1)
+0(ve/vss — 1) = 8gSg.ss/(1 = 5454,55)(8g,:t/Sg,ss — 1)
= (14+9)(ct/ess — 1) — (1 +9)(AJAss — 1)
F0(ve/vss — 1) + V(SgSg,0s/ (1 = S4Sg,5)) (Sg,t/Sg,85 — 1)

where

Yt/ Yss = Ct/Css + (5959785/(1 - 5959788))(59,t/59,88 —1)

to obtain the NK Phillips-curve with respect to the output gap and/or consumption.

32In order to analyze local dynamics, the traditional approach is to (log-)linearize the variables. We
define &; = (z;—xss)/xss, Where x5 18 the steady-state value for the variable x;, such that x; = (1434)x s
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As shown, the marginal costs are related to consumption (or output gap), the prevailing

level of price dispersion, the technology shock and the government expenditure shock. A

description of the (local) dynamics includes the equation of price dispersion??

ETgs

dwefves = 1) = 50 rm

(my — mes)dt + (emgs — 0) (v /vss — 1)dt
From (40), the linearized Euler equation (of the conditional deterministic system) reads

d(er/ess — 1) = (ig —iss — (M — Mss) — (RP, — RPyss) — py(di/dss — 1))dt
= (’lt — P — Ty — RPt — pd(dt/dss — 1))dt

which is readily interpreted as the (micro-founded) NK IS-curve.

To summarize, the equilibrium dynamics of the linearized model around 7., = 0 are

d(ct/css —=1) = (1 — p—m — RE; — pg(di/dss — 1))dt

dmy = (p(me — 7ss) — 0 (p+6) (mee/mess — 1)) dt

diy = (00 (7 — mss) + 00, (Ye/yss — 1) — 0(iy — iss))dt
d(vefvss — 1) = —0(v/vss — 1)dt

where the first equation denotes the IS-curve (or linearized Euler equation), the second
the NK Phillips-curve (showing the dependence on marginal costs), and the third the
Taylor rule reflecting the interest rate responds of the monetary authority.

The (linearized) system as in Werning (2012) and Cochrane (2017b) can be obtained
by taking a long-term perspective (after transitional dynamics), by defining the natural

rate r, = p+ RP, + p,(di/dss — 1), assuming it to be exogenous, and z; = (y;/yss — 1)

d$t = (Zt — Ty — Wt)dt
dmy = (p(m —mss) =0 (p+6) (1 +9)ay) dt
dit = (9(}5”(7{} — 7Tss) + «9¢y37t — ¢9<Zt — ’lss))dt

where our specification of the Taylor rule is similar to Cochrane (2017b). We may restate

33The dynamics of the three shocks from the (conditional) deterministic system are

d(di/dss =1) = [= (palogdss — 307) — pg] (di/dss — 1)dt
= —pyldi/dss —1)dt
d(A¢/Ass = 1) = —ps(A/Ass —1)dt
d(sgyt/sg,ss -1) = *Pg(sgyt/sg,ss —1)dt
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the NK Phillips curve (with 74, = 0) by solving forward:
T = / e P05(p + 0) (1 + V) z4ds (A.11)
t

The implications of the model for the NK Phillips curve, however, are much richer than
suggested by the (log-)linear approximation around steady-state values with w, = 0. It

also makes it difficult to analyze policy experiments such as changing the inflation target.

A.8. Alternative Taylor principles and stability

To study the stability properties of the dynamic system, the nonlinear system
dry = f(x)dt

is approximated by the linear system

d 1
_l»t:_

o dtdxt = A(xy — x45)

Equivalently, we may study (absolute) deviations from an equilibrium x; — x4 by defining

d
— (2 — xss) = i Az — x45)

such that the Jacobian matrix is identical, or define percentage deviations Ty = x;/xgs — 1

for each variable and use x; = (1 + &)z such that for each variable

d d .
axt = 1/1’53%:5,5 = Az — xs5) /255 = Ay

with identical Jacobian matrix of the vector function f(z;).
For illustration, we present the minimal NK model with s, = 0. We compare feedback

rule to the partial adjustment rule. In the partial adjustment model, we have:

dis = (0, (7 — Tss) + 00, 0: — O(iy — is))de

& d(is —iss) = (00,(m — 7ss) + 00,7 — 0(i; — is))dt
& i+ (i — i) = €"0¢ (m — my) + " 00,0,
s A (i —ig))/dt = e"0¢ (mp — Ta) + eetﬁgbyﬁt

t
for tg > —0c0 = iy —iy = 0/ e IR (@ (7, —gs) + b, 9:) dk,

—00

which requires # > 0 or alternatively for the feedback rule model:
'L.t - iss = ¢7r(7Tt - ﬂ-ss) + ¢y(yt/yss - 1)7 ¢7T > 17 gby Z 0.
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Note that for any given inflation target, 7y, there exists an equilibrium interest rate, i,

which leads to an admissible steady state.

A.8.1. Feedback rule

In the feedback rule in the simple NK model we have:

it - Z.ss - ¢(7Tt - ﬂ-ss)a ¢ > 1

or more general, the feedback rule (used in the main text) with an output response:

'L.t - iss = ¢7r(7Tt - 7Tss) + ¢y(yt/yss - 1)7 ¢7r > 1’ gby Z O’

for example ¢, ~ 1.5 and ¢, ~ 0.5 for target rates 7, ~ 0 (see Woodford, 2001).
To study the properties of the equilibrium points, define x; = (y, vy, 21,4, T2¢) such
that
—(P—’it+7Tt)yt
S(1+ (1 —e)m/0) 1= + (emmy — 0)vy
(p+06—(e- 1)7Tt)56’1t —1
(p+0—emy) oy — vy ™’

f@t) = f(ytavtaxlﬂfaxlt) =

Evaluating the Jacobian matrix at an equilibrium point s = (Yss, Uss, 1,55, T2.55) yields

o, 0 (1 = ¢r)agyss/T1ss —(1 — @) a2Yss/ T2,
A - 0 EMgs — 0 —EMgsVss/ T1ss EMssVss/ T2,
0 0 P+ cas —(e = Dagxy 55/ 72,55
—(1+9)a129,55/Yss —Va172 55/ Vss EQ2T2 55/ T1 55 a; — Qs

where ay = p+ 0 — emg, and ag = 6 + (1 — &) 7gs.

Hence, we may approximate the equilibrium dynamics by

dgt = ('lt — Wt)dt
do, = ((67‘(‘58 — 0)0; + emgs/ao(m — Tss))dt
dir: = ((p+a2)die+ (1 —e)(m — 7)) dt
(

d.’,i'27t = all’gt — E(ﬂ't — 7Tss) (1 —+ 19)(113)25 — ﬁalﬁt)dt

where T — Tss = a2($2,t/x2,ss - xl,t/xl,ss) and it - ¢y(yt/yss - ]-) + gbn(ﬂ-t - 7Tss) + iss such

that the inflation dynamics are:

dmy = p(m— 7ge) dt — (0 4 (1 — €)mss)Tss (224 /@ 56 — 1)dt
—K((Yt/Yss — 1) + (vi/vss — 1)I/(1 + 09))dt
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in which Kk = (0 4 (1 — &)7mss) (1 + ) (p 4+ 6 — emss).

Around zero-inflation target m,, = 0 and 74, = p, the equilibrium dynamics are:

gy = (ir—p—m)dt
df)t - —5@tdt
dmy = (pm — (L +9)(p + 6)6g: — I(p + 0)d0,)dt

In this first-order approximation, price dispersion is no longer affected by other variables,

such that it will always converge. Analyzing equilibrium dynamics will be based on:

dgt = (Zt —pP— Wt)dt
dmy = (pmy — kyy)dt

where k = (1 +9) (p+0)6 and 4y = iy + ¢, 7 + ¢, 3. Sometimes the linearized model
around zero inflation target is used to approximate the model around positive inflation
targets, mss > 0 (e.g., Cochrane, 2017b, eq. (4) with time-varying 74 and p).

Based on the reduced system = = (g, m;) for mzs = 0, the 2 x 2 Jacobian matrix reads:

A=

by 61 ]
_ p
For a unique locally bounded equilibrium we need two positive eigenvalues, for the larger
system mgs # 0 we need three positive and one negative eigenvalue.

The Jacobian matrix has tr(A4;) = A+ Ay = ¢, +p > 0 and det(4,) = po, + (¢, — 1)k
is positive for ¢, > 1, thus both eigenvalues have positive real parts, \j Ay = det(A;),

A= (¢, + p)A+pd, + (¢ — 1) =10

Mo = 3o+ 0, £1/(0, + )2 = 4pg, + (6, — 1))

So the unique locally bounded solution is ¢; = 0 and 7; = 7,4 such that i; = ig,.

A.8.2. Partial adjustment

For the partial adjustment model, we need to add the dynamics of the interest rate:
d(Zt — iss) = (9(}5”(71} - 7Tss) + ‘9¢y3}t — 9(% — ’lss))dt

It relates to Graeve, Emiris, and Wouters (2009), where the Taylor rule has lagged interest
rates and potential output (the level of output that would prevail under flexible prices).

To study the properties of the two equilibrium points, define z; = (yt, vr, 14, Toy, it)
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such that

—(P—’it+77t)?/t
d(1+(1—e)ym/d) = +(

f(@) = f(ye, v, T1e, Tayy 1) = (p+0—(e— 1)7rt)a:1

(p + 0 — Eﬂ-t) Tot — 'QZ)'U
L egbw(ﬂ-t - ﬂ-ss) + 0¢y(yt/yss -

ETy — 5)’025
i —1

9. 140
t Yt

) - e(lt - 7;85) _

Evaluating the Jacobian matrix at equilibrium point s = (Yss, Usss 1,55 T2.55, iss) yields

0
0
Ay = 0

e(by/yss

where ay = p+ 0 — emg, and ag = 6 + (1 — &) 7gs.

Hence, we may approximate the equilibrium dynamics by

dg; =
do, =
djl,t =
diy; =

dit —

(i — p—my)dt
((€7Tss — 0) 0 + emgs/az(me — o)) dt
((p+ az)dre + (1 —e)(m — mys)) di

(
(09

( 7Tss) + QQZSyfgt - Q(Zt - Z'SS)) dt

0 A2Yss/T1 s —9Yss/ T2 55
EMss — 0 —EMssUss/T1ss ET s5Vss/ T2,s5
0 P+ eas —(e = Dagxy 55/ 72,55
—(1+)ar122,55/Yss —Va1T255/Vss  €A2T2 55/ T1 55 a; — Eay
0 —9¢ﬂa2/371,ss 9¢7r@2/l’2,ss

all’gt — E(ﬂ't — 7Tss) (1 —+ 19)&13)25 — ﬁalﬁt)dt

where 7 — Ty = a2(224/Tass — T14/T1 s5) such that the inflation dynamics are:

dﬂ't =

in which k = (1+9)(p+0 —

(P(ﬂ't - ﬂ-ss) - a2ﬂ-ssi‘2,t - Kf?)t - ﬁa1a2'{}t)

emss) (0 + (1 — &)mgs).

dt

Around zero-inflation target m,, = 0 and 74, = p, the equilibrium dynamics are:

dgt -
df)t —
d7Tt =

dit -

In this first-order approximation, price dispersion is no longer affected by other variables,

(’it —pP— 7Tt) dt
—ov;, dt

(pmy — (L +9)6(p + 6)ye — V0 (p + 0)vy)dt

(9¢W7Tt + ‘9¢y3}t - 9(215 - iss)) dt
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such that it will always converge. Analyzing equilibrium dynamics will be based on:

dgt = (’lt 2 7Tt) dt
dm, = (pm — kyy)dt
diy, = (09,7 + 0,0, — 0(iy — p)) dt

where k = (1 +9) (p+9) 9.

Based on the reduced system x; = (4, ¢, 4;) for mgs = 0, the 3 x 3 Jacobian matrix

reads:
0o -1 1
As=1| -k p O
ngy 0p, —0

For a unique locally bounded equilibrium we need two positive and one negative eigenvalue,

for the larger system 7., # 0 we need three positive and two negative eigenvalues.

A.9. Alternative shock processes

Consider the Ornstein-Uhlenbeck (OU) process (7), also used in this paper,
dlogd; = —pylog didt 4 o4d B

or
dd, = — (pglog dy — $03) dydt + o4d,d By

versus the alternative of a logistic growth process (add stochastics)

which is the logistic growth model with carrying capacity 1.

The natural (lower) bound is zero and the turning point is 1/2. The process suggests
that if the variable is near its carrying capacity, the dynamics are just like those of the
OU process, whereas if the variable is near its natural lower bound, the dynamics are
similar to exponential growth. The parameter p; measures the half-life. We may scale the
model such that it fits our needs to have a prolonged period of persistence of a shock at
the beginning and later to revert back to the steady state level geometrically at rate p,
such that (similar to the OU process) the higher p, the lower persistence, the smaller p,

the more pronounced shocks are smeared out in time. Now consider

dd; = pa(ds — d) (1 dy) /(1 — d) dt (A.13)
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of which the solution is _
_ M + d
"7 1 4 Cerat

The (unique) steady state value is the solution of

O:Pd(dt—@ (1— (dt—d)/(dss—@) dt
where we require that d, > d for all time. Linearizing about d, yields
ddy/dss = —py(d/dss — 1) dt

or

dCZt = _pddt dt

It reflects that the logistic growth model for d; —d such that d, approaches d,;. The variable
d; — d is defined between 0 and oo with carrying capacity d,, — d and turning point at
(dgs — d)/2, such that the original variable d; is defined between d and oo with turning
point at 1 — (dgs — d)/2. For d = 0 we assume logistic growth for d;, whereas d — d,,
squeezes the admissible region lower than the steady state level towards zero, such that
d denotes the lower bound for d, (typically zero in the OU case). Any (negative) shock
larger than 1 — (d,s — d)/2 induces different dynamics, staying there for some time before
returning to the steady state level. This effect only shows up in the nonlinear version of
the model. While the logistic growth model looks very much like an exponential growth
model in the beginning, around the steady state value, the (log-)linearized dynamics are
the same as for the Ornstein-Uhlenbeck process. It is important to understand that the

linear model thus will not be able to replicate those dynamics.

A.10. The yield curve

Consider a nominal (zero-coupon) bond with unity payoff at maturity N > ¢t. We obtain

the equilibrium price in the perfect-foresight model as

o ft-l»N

Pt(N) — (mtJrN/mt)e t ”Sd“;’ (A14)
where 7; denotes inflation. Inserting the SDF, m; = e *'Vi = e *'d;/c; we obtain that

Pt(N) = P ((Vi)urn/(Vi)o)e T mads

t+N

= e_pN(Ct/Ct+N)(d1t+N/alt)€_f’ﬁ

Tsds
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The yield of a bond is the fictional interest rate that justifies the quoted price, assuming
that the bond does not default, hence

N
Pt(N) =1/ [}/t(N)]

or

such that the log price satisfies
N N
' =—(/N)p"

Hence, in our model we obtain the log yield with maturity NV >t as

yt(N) = p+ (1/N)log(crin/c) — (1/N)log(din/di) + (1/N) /tH msds
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B. Tables and Figures

Figure 1: US federal funds rate, 10-year treasury rate and inflation rate
In this figure we show time series plots of the US Effective Federal Funds Rate (Fed Funds), the 10-Year
Treasury Constant Maturity Rate (10Y Govt), the Consumer Price Index, seasonally adjusted (Core
CPI), all at the monthly frequency. All series are obtained from the Federal Reserve Bank of St. Louis
Economic Dataset (FRED). The sample runs from January, 1990, through June, 2017.
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Figure 2: Implied 10-year treasury rate and natural rate
In this figure we show time series plots of the model-implied 10-Year Treasury Rate (Implied 10Y Govt)
and the model-implied ‘natural rate’ using the simple NK model around mss = 0, when matching the
observed US Effective Federal Funds Rate (Fed Funds) and the Consumer Price Index, seasonally adjusted,
all at the monthly frequency. The sample runs from January, 1990, through June, 2017.
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S

percentage deviation:

Figure 3: Solution of the linearized NK model with partial adjustment
In this figure we show (from left to right) the output gap, and the inflation rate as a function of the
(initial) interest rate for a parameterization (p, k, ¢, 0, 7ss) = (0.01,0.8582,4,0.5,0).
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Figure 4: Solution of the minimal NK model with partial adjustment

In this figure we show (from left to right) the output gap, and the inflation rate as a function of the (initial)
interest rate in the minimal model (blue solid), in the linearized model (dashed), and in the simple model
(around 7ss = 0, dotted) for a parameterization (p, x, ¢, ¢, 0, 7ss) = (0.03,0.8842,4,0,0.5,0.02), .
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Figure 5: Responses to monetary policy shocks (initial and target rates)
In this figure we show (from left to right, top to bottom) the simulated responses to unexpected monetary
policy shocks to both the (initial) interest rate (—0.025) and the inflation target rate (—0.005), with effects
for the output gap, the inflation rate, and the level and slope of the interest rate.
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Figure 6: Simulated shock to interest rate and target rate (2007-2011), macro dynamics
In this figure we show (from left to right, top to bottom) the simulated responses for unexpected shocks
to the (initial) interest rate (—0.0475), the inflation target rate (—0.02), and preferences (—0.1), with
effects for the output gap, the inflation rate, and the level and the slope of the interest rate (blue solid),
the no-target rate shock scenario (black dashed, 755 = 0.02), and the pre-shock scenario (dotted).
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Figure 7: Simulated shock to interest rate and target rate (2007-2011), yield curve
In this figure we show (from left to right) the yield curve response to unexpected shocks to the (initial)
interest rate (—0.0475), the inflation target rate (—0.02), and preferences (—0.1), with effects for the

nominal and real yields (blue solid), the no-target rate shock scenario (black dashed, 7,5 = 0.02), and
the pre-shock scenario (dotted).
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Table 1: Summary of the solution algorithm in the policy function space

Step 1 (Initialization) Provide an initial guess for the unknown derivatives for a
given set of collocation nodes and basis functions.

Step 2 (Solution) Compute the optimal value of the controls for the set of nodal
values for the state variables.

Step 3 (Update) Update the consumption function derivatives.

Step 4  (Iteration) Repeat Steps 2 and 3 until convergence.

Table 2: Parameterization

0 1 Frisch labor supply elasticity

P 0.03 subjective rate of time preference, p = —41og 0.9925

P 1 preference for leisure

) 0.65 Calvo parameter for probability of firms receiving signal, 6 = —41og 0.85

€ 25 elasticity of substitution intermediate goods

sq 0.2 share of government consumption

pg  0.4214  autoregressive component preference shock, p; = —41log 0.9

ra 0.4214 autoregressive component technology shock, r4 = —41og 0.9

rg  0.4214 autoregressive component government shock, r, = —41log 0.9

oq 0.02 variance preference shock

oa 0.02 variance technology shock

o, 0.02 variance government shock

om  0.02 variance monetary policy shock

o, 4 inflation response Taylor rule

¢, 0 output response Taylor rule

0 0.5 interest rate response Taylor rule

mss 0.02 inflation target rate
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Table 3: Data and NK model predictions around 7., = 0

Data NK model (transitory) NK model (both)
FF 10Y CPI FF 10Y TR CPI FF 10Y TR CPI

2001-01 6% 5%  2.5% 6% 5% 2% 1.5% 6% 5% 2%  1.5%
2003-12 1%  35% 1% 1% 5% 2% 4% 1% 3% 0% 1%
2007-09 5%  4.5% 2% 5% 5% 2% 2% 5% 5% 2% 2%
2009-01  0.25% 2.5% 2% 0.25% 4.5% 2% 4.5% 025% 3% 0% 1.5%
2010-10* 0.25% 2.5% 0.5% 0.25% 4.5% 2% 4% 0.25% 2.5% 0% 1%
2011-06¢ 0% 3%  1.5% 0% % 2% 1% 0% 1% 2% 1%
2004-06 1%  45% 2% 1%  45% 2% 4% 1%  45% 2% 4%
2005-02*  2.5% 4% 25%  25% 4% 2% 1% 25% 4% 2% 1%

@) The predictions include (negative) shocks to the natural rate along with the monetary policy shocks.

Table 4: Data and NK model predictions (full model)

Data NK model (transitory) NK model (both)
FF 10Y CPI FF 10Y TR CPI FF 10Y TR CPI

2001-01 6% 5%  2.5% 6% 5% 2% 2% 6% 5% 2% 2%
2003-12 1% 35% 1% 1%  45% 2% 2.5% 1% 3% 0% 1.5%
2007-09 5%  4.5% 2% 5% 5% 2% 2% 5%  45% 2% 2%
2009-01  0.25% 2.5% 2% 0.25% 4.5% 2% 25% 025% 3% 0% 2%
2010-10* 0.25% 2.5% 0.5% 0.25% 4% 2% 2% 025% 2% 0% 0%
2011-06* 0% 3%  1.5% 0% 3% 2% 1% 0% 3% 2% 1%
2004-06 1%  45% 2% 1% 45% 2% 2.5% 1% 45% 2% 2.5%
2005-02*  2.5% 4%  25%  25% 4% 2% 2% 25% 4% 2% 2%

@) The predictions include (negative) shocks to the natural rate along with the monetary policy shocks.
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