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1 Introduction

There are many examples where agents’ cost of actions is their private in-
formation. If there are different tasks to be performed, each agent can have
comparative advantage in certain tasks over the others, and the comparative
advantage can be their private information. In taxation, if the government
observes income but not the hourly wage, then the government doesn’t know
the number of hours the agent worked, and therefore the government doesn’t
know the cost of working for the agent.

In addition, in many of these environments, once an agent is hired, the
principal may not necessarily observe the agent’s action. The agent may have
comparative advantage in certain actions, but if the principal doesn’t observe
which action the agent takes, then there is both adverse selection and moral
hazard. I study a contracting problem with adverse selection and moral hazard
where the agent’s cost of action is his private information and the principal
doesn’t observe the agent’s action.

When the cost of action is the agent’s private information, having more
than one action leads to multi-dimensional types. The cost of each action
corresponds to one dimension of the agent’s type. In this paper, I consider
the case where there are two actions; each agent has a two-dimensional type.
However, two-dimensional types already capture many aspects of comparative
advantage. I don’t restrict the cost of actions in any way. Each type is allowed
to have a comparative advantage in either of the two actions, but also the
difference in costs, which can be interpreted as the degree of comparative
advantage, is not restricted. Furthermore, the level of cost is not restricted
either. When one type has a comparative advantage in the first action over the
second action, there could be another type with exactly the same difference in
costs but has different levels of costs.

The first main result is that there is a natural one-dimensional ordering
of two-dimensional types if there is both adverse selection and moral hazard.
The ordering is determined by the cost of action for each type, and it doesn’t

require any of the standard assumptions. It doesn’t rely on single-crossing



property, monotone likelihood ratio property or monotone hazard rate. It
doesn’t even rely on the outcome distribution induced by each action nor
the set of outcomes. The cost of action also doesn’t need to be restricted in
any way; it probably makes sense to assume they are non-negative, but the
result doesn’t rely on any functional form assumption either. This ordering
is in terms of difference in costs of two actions. Since the difference in costs
captures the comparative advantage of each type, the ordering of types shows
that when there is both adverse selection and moral hazard, the comparative
advantage is the key factor in determining the optimal menu of contracts.

The second main result is that an optimal contract either pools every type
together or offers a menu of two contracts. In any incentive-compatible menu
of contracts, the types are partitioned into one or two partitions, and there
is a cutoff type in the one-dimensional ordering from above. The result fur-
ther shows that between two partitions, which action is incentivized for which
partition only depends on the one-dimensional ordering. The location of the
cutoff and whether to pool every type together or not depends on the outcome
distribution. However, as long as the principal incentivizes both actions for
some types, the lower types in the one-dimensional ordering is incentivized to
take the same action. This indicates that if there is both adverse selection and
moral hazard, the comparative advantage of each type is the dominant fea-
ture in deciding which action should be incentivized for the type; the outcome
distribution induced by the action doesn’t affect incentive-compatible menu of
contracts qualitatively. And same as in the first result, this result also doesn’t
rely on any of the standard assumptions or functional form assumptions. In
an optimal menu of contracts, any types incentivized for the same action are
pooled together in the same contract.

When an optimal menu of contracts pools several types together, these
types are offered exactly the same compensation scheme and in addition in-
centivized to take the same action. This implies that the principal must leave
rent to some of the types and he can no longer sell the firm to the agent.
My results hold with risk neutral agent as well, and in particular, the residual

claimant argument breaks down even with a risk neutral agent with no limited



liability.

In addition, I also show that any incentive-compatible menu of contracts
has to satisfy a pairwise single-crossing property in actions and a pairwise
single-crossing property in utilities. These are weaker than standard single-
crossing property in a sense that it is only between each pair of types and
properties only hold for the incentivized actions and the utilities from the
contracts for their own types. However, these are necessary conditions for
every incentive-compatible menu of contracts. And more importantly, these
are endogenous properties that a menu of contracts has to satisfy; these don’t
rely on any primitives of the model apart from additive separability of the
utility function.

Compared to multi-dimensional screening problems, the combination of
adverse selection and moral hazard leads to a one-dimensional ordering that
hasn’t been shown in the literature. In Laffont-Tirole (1987), the firm has pri-
vate information about its cost, but the private information is one-dimensional.
Often times, when a multi-dimensional screening problem reduces to a one-
dimensional problem, one needs to make assumptions about the underlying
environment. In my model, the only relevant assumptions are the combina-
tion of adverse selection and moral hazard where the private information is
the cost type. This relies on the additive separability of the contract and the
cost in the agent’s utility function, but since any comparative advantage in
cost leads to this type of utility function, it is still widely applicable. Further-
more, many taxation models embed additive separability or more precisely, the
cost of working being private information as a standard informational friction.
I can also derive the optimal contract without assuming any single crossing
property which is different from standard adverse selection problems.

In addition, the presence of moral hazard leads to more pooling than in
standard adverse selection problems. No matter how many different cost types
there are, an optimal menu of contracts either pools every type together or
offers only two contracts. This already indicates that if there are at least three
types, then there is pooling of some types in every optimal menu of contracts.

I also don’t need to restrict the number of types in any way either.



Compared to moral hazard problems, pooling implies that an optimal menu
of contracts doesn’t always reflect agent’s cost of actions. When the agent’s
cost of action is common knowledge, an optimal contract with moral hazard
typically depends on the cost of action, whereas in this case, if several types
are pooled together, all of these types get exactly the same compensation
scheme despite having different costs. As mentioned already, residual claimant
argument breaks down with a risk-neutral agent with no limited liability if
there is both adverse selection and moral hazard. However, payments in an
optimal contract is still a function of the likelihood ratio, and whether to offer
one or two contracts depends on the outcome distributions. I provide a three-
step procedure for finding the optimal menu of contract which is an analogue
of two-step approach in Grossman-Hart (1983).

The fact that with no functional form assumptions, any optimal menu of
contracts takes a simple form suggests that simplicity of contracts observed
in the real world doesn’t always have to be assumed or attributed to behav-
ioral traits. The combination of adverse selection and moral hazard implies
that because of incentive compatibility, the principal cannot offer any more
contracts and incentivize different types of agents to self-select into different
contracts.

The most closely related paper in the literature is Gottlieb-Moreira (2015).
They identify an environment where the agent has private information about
the outcome distribution and/or the cost, and there exists an optimal menu
of contracts that offers one or two compensation schemes. However, there are
a few key differences between their paper and mine. First of all, since most
of my results hold for any incentive-compatible menu of contracts and not
just for optimal menu of contracts, my paper should be considered more as an
implementation paper rather than optimal mechanism design. Second, they
assume the agent is risk neutral and has limited liability. Their main results
all depend on the linearity and limited liability whereas I don’t assume limited
liability and I allow the agent to be risk averse. I show that residual claimant
argument breaks down and the principal cannot extract full surplus even if

the agent is risk neutral and has no limited liability. Third, in their model,



different types of agents might take different actions even if they choose the
same contract (compensation scheme). In my model, I show that there is a one-
dimensional ordering of types, and the incentivized action is pinned down by
the ordering up to the cutoff. There is no equivalent result in their paper, and
furthermore, this one-dimensional ordering highlights the economics behind
this class of models. The difference in costs, which captures comparative
advantage of each type, really is the key driving force in determining an optimal
menu of contracts. However, they allow for bigger class of types and action
space, and they also allow for private information about outcome distribution
if it is multiplicatively separable.

The rest of the paper is organized as follows. Section [2|describes the model,

and the results are in section 3l Section ] concludes.

2 Model

A principal hires an agent. If the agent chooses a contract from the menu of
contracts offered by the principal, the agent takes an action and an outcome
is realized. The agent’s action is unobserved by the principal, and the prin-
cipal only observes the outcome. Each contract specifies outcome-contingent
payments.

The key feature of this model is that in addition to moral hazard, the cost
of action is the agent’s private information; there is both adverse selection
and moral hazard with multi-dimensional types. There are N > 2 types,
01, ,0y, and two actions ay,ay. Types differ by the cost of action c(ax|6;)
forall s = 1,--- N, k = 1,2, and the principal’s prior at the beginning of
the game is that the agent is 6; with probability 7;. Assume m; > 0 for all i.
Each action a; has a probability distribution F}, over outcomes y € Y C R. |
assume fi(y) > 0 for all k,y.

The agent first learns his type, then the principal offers a menu of contracts.
Contract 7 consists of w;(y) for all y. The rest of the timing is as explained
above.

The principal is risk neutral with utility ¥ — w when outcome y is realized



and he pays w. The agent can be risk neutral or risk averse with u(w) — c(a|f)
when type 6 takes action a and gets paid w. w is strictly increasing, weakly
concave and u(0) = 0. I don’t make any assumptions about c(-|-). If the
principal doesn’t offer a menu of contracts or the agent rejects all contracts,

they each get their outside options 0.

3 Results

Following revelation principle, I assume the principal offers contract i for 6,/
Suppose type i is incentivized to take a(6;). The set of all deviations of the

agent is to choose contract j and take ay.
— c(a(05)]6:) + Elu(wi(y))a(0;)] = —c(ax|0i) + Elu(w;(y))lar), Y5,k (1)

In particular, since the agent can always choose a; = a(6;) after deviating to

contract j, the following IC constraint is necessary:

— c(a(6:)]6:) + Elu(wi(y))]a(6:)] = —c(a(6:)|6:) + Elu(w;(y))|a(0:)], Vj
= Elu(wi(y))|a(0:)] = Elu(w;(y))[a(0:)], Vj. (2)

For given action, the expected payment is maximized with the contract that
incentivizes that action.

This already implies that if types i,j are incentivized to take the same
action, then their expected utility from payment for the action should be the
same, and from the principal’s perspective, the expected payment from each
contract should also be the same. Therefore, it is without loss of generality to

offer identical contracts to both types and pool them together.

Proposition 1. If two types are incentivized to take the same action in an
optimal menu of contracts, it is without loss of generality to offer identical

contracts to both types and pool them together.

1See Laffont-Martimort (2002).



We also know that

— c(a(0:)16:) + Elu(wi(y))|a(0:)] = —c(a(6;)]6:) + Efu(w;(y))a(8;)], V5 (3)

is a necessary set of IC constraints.

If every action has full support (including the ones not incentivized for any
type), then together with implies , but it is not sufficient. However,
if the principal can restrict the set of actions to the ones that are incentivized
for at least one type (for example, when there is at least one outcome that is
perfectly informative about the action and no limited liability) then and

(3) will be necessary and sufficient.

Proposition 2. Suppose the agent can only take an action that is incentivized
for at least one type. Double deviations in (contract, action) are not binding IC

constraints, and and are necessary and sufficient for all IC' constraints.

in addition implies

— c(al(6:)]6:) + Elu(wi(y))]a(6:)] = —c(a(6;)]6:) + Elu(w;(y))]a(8;)],

— c(a(0;)16;) + Efu(w;(y))]a(b;)] = —c(a(0:)]6;) + Elu(wi(y))|a(6;)]
= c(a(6:)|0;) — c(a(6;)16;) = E[u(wi(y))|a(8:)] — Elu(w;(y))|a(0;)] = c(a(0:)]0:) — c(a(6;)]0:)
= c(a(6:)|0;) — c(a(6;)16;) = c(a(6:)]6:) — c(a(6;)]6:) (4)

for any pair (7, 7). This requires that the cost of action satisfies single-crossing
type of property in any pair, but because this is only between the incentivized
actions, a(6;),a(f;), it is weaker than the usual definition of single-crossing

property. I call this property pairwise single-crossing property of actions.

Proposition 3. 15 mecessary for any incentive-compatible menu of con-
tracts. It holds with equality if and only if IC constraints between contracts i
and j are binding for both types i and j. When it binds, it is without loss of

generality to pool types i, together in an optimal menu of contracts.

The benefit of proposition [3| is that it is only in terms of incentivized

actions, and we don’t need to worry about payments. As long as the menu
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of contracts is incentive-compatible, then incentivized actions for each type
have to satisfy . And it holds with equality if and only if both types are
indifferent between two contracts in which case the principal can pool them
together in any optimal menu of contracts.

We can also characterize payments that satisfy . is equivalent to

/ (u(wi(y)) — u(w;(y)))dF; > 0, Vi, j

which implies that

[ wtwite) - twyw)ar = 0, vi.;

[ (wwi0) = ulwito)ar; = 0. vig
[ W) — wtw,))iF = 0> [ ) - atw,)ir - 6)
= [ (wlwiv) = ulws () @F: ~ dF) 20

Incentive compatibility requires that ex-ante utility of the agent and the dis-
tribution of the outcome again have to satisfy pairwise single-crossing type of
property. In this case as well, it’s only between the contracts intended for a
particular type. It’s weaker than the usual single-crossing property, and be-
cause there is a restriction on the sign of the difference in two contracts for
the same action, there is further restriction on the level of payments. I call

this property pairwise single-crossing property of utilities.
Proposition 4. 18 necessary in any incentive-compatible contract.
For the rest of the paper, assume without loss of generality

Assumption 1.
C(CL1|€1) — C((l2|91) S c(a1|02) — c(a2|6’2) S cee S C(CL1|0N) — c(a2|9N).

Proposition 5. Suppose Assumption |1 holds. In any incentive-compatible

menu of contracts, there exists k such that a(6;) = a1 if and only if i < k. In
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any optimal menu of contracts, it is without loss of generality that any 6; such

that c(a110;) — c(az|0;) = c(a1|6x) — c(az|bk) is incentivized to take a;.

Proposition |5| shows that even though types are two-dimensional, there is
a natural one-dimensional ordering of types, and the cost difference between
two actions is the only determinant of ordering of types. The exact location of
the cutoff k£ depends on the outcome distributions induced by aq, as, but the
structure of optimal menu of contracts is uniquely pinned down up to k. The
proof follows from proposition [3] and assumption [I The fact that any types
with the same cost difference are incentivized to take exactly the same action
in any optimal menu of contracts shows that the contract is completely driven
by the comparative advantage and the level of costs doesn’t matter at all for
the structure of optimal menu of contracts.

This is already different from other two-dimensional screening models be-
cause there is no restriction on the cost function, utility function or outcome
distributions. I don’t assume single-crossing property, monotone likelihood
ratio property or monotone hazard rate. I also don’t make any assumptions
on the outcome distribution except full support, and results up to now don’t
depend on full support, either. As long as there is both adverse selection and
moral hazard at the same time, there is a natural one-dimensional ordering.
The only relevant assumption in addition to having both adverse selection and
moral hazard at the same time is the additively separable utility.

Proposition [1| and last sentences in propositions 3| and |5 are properties of
optimal menu of contracts, but all other results so far hold for any incentive-
compatible menu of contracts. As long as a menu of contracts is incentive com-
patible, pairwise single-crossing property has to hold between any incentivized
actions for two types and any ex-ante utility levels for two types. Furthermore,
the pairwise single-crossing property of actions implies that with two actions,
there is a natural one-dimensional ordering of types.

Given results so far, we can find an optimal menu of contracts in the fol-
lowing three-step procedure. First of all, from proposition [5] an optimal menu
of contracts either incentivizes the same action for every type or partitions the

types with a cutoff in the one-dimensional ordering. Second, from proposition
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[, the principal can offer without loss of generality a pooling contract for all

types or a menu of two contracts.

Proposition 6. In any optimal menu of contracts, it is without loss of gen-

erality to pool every type together or offer a menu of two contracts.

Proposition [ implies that the residual claimant argument breaks down
even with a risk-neutral agent with no limited liability, and the principal can
no longer sell the firm. Conditions in proposition [7] are sufficient but not

necessary, and they can be relaxed.

Proposition 7. Suppose there are at least three types participating and the
cost of action, c(ax|6;) is distinct for all types i and actions ay. In any optimal
menu of contracts, some types get strictly positive rent. Fven if the agent is risk

neutral and has no limited liability, the principal cannot extract full surplus.

The three-step procedure is as follows.

First Step: In the first step, we have to choose a cutoff k € {1,--- N}
or a pooling contract for all types.

Second Step: Consider the case of two contracts. If we fix the location

of cutoff k, the full optimization problem is

mex millly —w ai| + mEly —w a
{m@)}&@@)}% ly — @1 (y)ai] ; [y — a(y)]az]

s.t. — c(a(0)10;) + Elu(wi(y))|a(0:)] = —c(ail6;) + Elu(w;(y))]a], V1
— c(a(6:)]6;) + Elu(wi(y))[a(:)] = 0

where {w(y)} denotes the contract incentivizing action a; and {w;(y)} de-
notes the contract for 6;. Since there are two actions, and at least one type is
incentivized to take each action, it follows from proposition [2| that the follow-
ing set of IC constraints is necessary and sufficient for all IC constraints. For

all 7, 7,

Elu(wi(y))|a(0:)] = Elu(w;(y))[a(6:)],
—c(a(6:)|0:) + Elu(wi(y))|a(6:)] > —c(a(8;)[6:) + Elu(w;(y))|a(;)].

11



Let u; = E[u(w;(y))|a;], then the IC constraints are equivalent to

Elu(wi(y))lai] = Elu(w;(y))|ai, Vi, j
c(a1|fr) — c(az|br) < ur — uz < c(ar|fpr1) — c(az|frr1)

and the optimization problem for given k is

max Zm y w1 \al +Z7Tz y w2 \az]

{1 ()} {w2(y)} ok
s.t. Elu(wi(y))]ai] >E[U(w-( Dlail, Vi, j
(a1|0k — c(a2|0k) < U — U2 < C((],1|0]€+1) — c(a2|0k+1)

)
— c(a(6:)]6:) + Elu(wi(y))la(6:)] = 0

which is equivalent to

mianE[wl |a1 —I—ZWZ ’LU2 ’CLQ

i<k 1>k

s.t. Blu(w1(y))]a1] = Elu(wa(y))]ai]
Elu(w(y))las] = Elu(w:(y))]as]

clar|0r) — c(aslOr) < up —ug < c(aq|0pi1) — c(as|frrr)
— c(a(6;)[6;) + Elu

(wi(y))|a(0:)] = 0

We can further simplify it as

mian]E[wl )]a] —1—27@ wa(y)|as]

i<k i>k
s.t. uy > Elu(wa(y))|a]
uy = Elu(w:(y))]az]
c(a1|0k) — claz|0k) < ur — uy < c(a1]Opi1) — c(ag|Ori1)
> c(a1]6;) i < k
> clag|6;) i >k

12



Third Step: If we fix uy, us in addition to k, the optimization problem is

min Z miE[w (y)|a1] + Z T E[wa(y)]as]

s.t. uy > Elu(wa(y))|a]
uy > Elu(wi(y))|az]

[ utenw)ar =
/ w(in(y))dFs = us.

With a slight abuse of notation, let u;(y) = u(wi(y)), u=" = h, px = D<), Tk,

then we have

winps [ hus@)AF: + (1= p) [ blus(w)dF
s.t. /ul(y) —us(y)dFy > 0> /ul(y) — uz(y)dF>

/ul(y)dFl =

/ug(y)ng = Uy

In the Lagrangian, the first-order conditions for u(y), us(y) are

O (0) : Pz ) = M) = Mafolw) = i (9
() : (1= P) s o) = =M1 (0) + Dafoly) = pa o)

)\17 )\27/*617“2 2 O

Since we have full support, the first-order conditions can be rewritten as

. Pk N f2(y) _
T ) M T )
D (y) - i _ _)\lfl(y) g — i

u' (s (y)) f2(y)

13



>\17 )\27,u17ﬂ2 Z 0

If [ui(y) —u2(y)dFy > 0 then \; =0, and if 0 > [ uy(y) — uz(y)dFs, then
Ay = 0. Since u is increasing and py € (0, 1), if \; = 0, then the right-hand side
of the first condition is weakly negative while the left-hand side is strictly posi-
tive which is a contradiction. Likewise, if Ay = 0, then the left-hand side of the
second condition is strictly positive while the right-hand side is weakly nega-
tive. We must have [ u;(y) —u2(y)dFi = 0= [ui(y) — ua(y)dFs. This implies
that all contracts provide exactly the same expected utility from payments for
the given action, and binds in any optimal menu of contracts. However,
this is equivalence in the expected utility from payments, and compared to
proposition |3, proposition |8 doesn’t automatically imply that IC constraints

are binding between two contracts.
Proposition 8. In any optimal menu of two contracts, binds for all i, 7.

Given the three steps, one can compute the expected payment given uy, us, k,
then choose optimal wuy,us for each k& and finally pick the cutoff or choose to
offer a pooling contract for all types. This is an analogue of Grossman-Hart
two-step approach in standard moral hazard problems. Instead of optimizing
for a given action, I fixed the cutoff type, thereby fixing the incentivized action

for every type, then optimized over payments.

4 Conclusion

I study a model of adverse selection and moral hazard where the agent’s cost
of action is his private information. When there is both adverse selection and
moral hazard at the same time, the additively separable utility alone leads
to a number of results that distinguish this class of models from any adverse
selection or moral hazard problem on its own. I already mentioned in the
introduction that any comparative advantage in cost has additively separable
utility and cost of action being private information is a standard informational

friction in many taxation models.
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One of the main results is that there is a natural one-dimensional order-
ing of types despite agents having two-dimensional types. The ordering only
depends on the cost of action and highlights that the difference in cost for
two actions, which I interpret as the comparative advantage of each type, is
the determining factor of an optimal menu of contracts. In fact, incentive
compatibility alone already requires this one-dimensional ordering, and any
incentive-compatible menu of contracts has to partition the one-dimensional
ordering into one or two. The incentivized action for each partition is also
pinned down by the one-dimensional ordering. Every incentive-compatible
menu of contracts has exactly the same qualitative property, and nothing else
about the model changes it.

Once we require optimality, then in any optimal menu of contracts, the
principal can either pool every type together or offer a menu of two contracts.
This is “without loss of generality” statement, and if the principal wanted to,
he could offer more contracts incentivizing exactly the same action. However,
types incentivized for the same action must be indifferent between all of these
contracts, and there is no benefit for the principal to offer more contracts.

The main implication of the optimal menu of contracts is that offering a
menu of one or two contracts is optimal regardless of the number of types.
No matter how many types there are, what are their costs of action, utility
functions, outcome distributions or any other aspect of the model, it is optimal
to offer only one or two contracts. This is another illustration that simple
contracts can be optimal with a fully rational agent, and simple contracts don’t
always have to be assumed in the contract space or attributed to behavioral
traits. There are recent papers showing optimality of simple contracts with
a behavioral agent, and I won’t repeat the difference with Gottlieb-Moreira
(2015), but my paper is closer to Holmstrom-Milgrom (1987) in spirit.

Furthermore, one might ask why offering one or two contracts is surprising
when there are two actions. But in any moral hazard problem where the
agent’s cost of action is common knowledge, an optimal contract depends on
the agent’s cost of actions. Pooling several types together requires that these

types are incentivized to take the same action, but they are also offered exactly

15



the same compensation scheme despite having different costs. It follows that
the principal can no longer sell the firm if there is both adverse selection and
moral hazard. This holds even if the agent is risk neutral and there is no
limited liability. In any standard moral hazard problem, if the agent is risk
neutral and has no limited liability, the principal can make the agent residual
claimant and extract all the surplus. This is no longer the case if the agent
has private information.

Lastly, I also identify pairwise single-crossing properties between any pair
for incentivized actions and ex-ante utilities from payments. These are neces-
sary conditions for any incentive-compatible menu of contracts, but there are
two key differences from standard single crossing property. First of all, it’s
only between a pair and not for all actions or contracts. But second, more
crucially, this is an endogenous property that has to be satisfied by a menu of
contracts, and it has nothing to do with the primitives of the model. The usual
single crossing property involves the utility of the agent, but in my case, as
long as the utility is additively separable, there is no restriction on the model,
and a menu of contracts, when the principal designs it, has to satisfy these

propreties to be incentive compatible.
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Proofs

Proof of Proposition[1 Denote a(6;) to be the incentivized action for type i.

The set of all deviations of type 7 is to choose contract j and take ay.

— c(a(6:)]6:) + Elu(wi(y))]a(6:)] = —c(ar|0:) + Elu(w;(y))lar], Vi, k (6)

In particular, since the agent can always choose ay = a(0;) after deviating to

contract j, the following IC constraint is necessary:

— c(a(6:)]0;) + Elu(wi(y))]a(0:)] = —c(a(6:)10:) + Elu(w;(y))|a(0:)], Vi

= Elu(w(y))]a(®:)] = Elu(w;(y))|a(8:)], V7.

If types 1, j are incentivized to take the same action a*, then we have

Elu(wi(y))a”] = Elu(w;(y))]a’]
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The principal can choose the one that minimizes his expected payment. Since
in the original menu of contracts, all IC constraints were already satisfied and
types i, 7 are indifferent between two contracts incentivized for them, it is

without loss of generality to pool types ¢, 7 together. O

Proof of Proposition [ Consider
— c(a(6:)|0:) + Elu(wi(y))|a(b:)] = —c(ax|0;) + Elu(w;(y))lax), Vi, &  (7)

If every action is incentivized for at least one type, when the agent deviates

to ag, there exists some type [ with a; = a(6;). We already know that

Elu(wi(y))]a(6)] = Elu(w;(y))|a(6:)] V)

is necessary and the right-hand side of the agent’s IC constraint is bounded

from above by

— c(ax|0;) + Elu(w;(y))|ax]
= —c(a(0)|0;) + E[u(w;(y))|a(0)]
< —c(a(6h)|0;) + Elu(wi(y))|a(0)]-

Therefore, the maximum deviation payoff the agent can get when he deviates
to a(6,;) is also to choose contract for 6, and double deviations are not binding
IC constraints. This already shows that and are necessary. Sufficiency
of and for all IC constraints follows from

—c(a(8:)16:) + Efu(wi(y))|a(8:)] =
> —c(a(6:)6:) + Elu(w;(y))]al@)], 5,1

\%
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—
>
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<

and for any ag, there exists [ such that a; = a(6;). O
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Proof of Proposition [3, implies

= c(a(0:)16:) + Efu(wi(y))|a(0:)] = —c(a(6;)[6:) + Efu(w; (y))|a(8;)],

(6)16;) + Elu(w;(y))[a(6;)] = —c(a(6:)|6;) + Elu(wi(y))]a(6:)
c(a(6;)16;) = Elu(wi(y))|a(0:)] — Elu(w;(y))]a(8;)] = c(a(6:)|6:;) — c(a(6;)]6:)
c(a(6;)105) = c(a(0;)16;) — c(a(6;)16;)

—c(a
= c(a(6;)]6;) —
= c(a(6;)]6;) —
for any pair (7,). The last inequality binds if and only if all inequality bind,
and types ¢, 7 are indifferent between two contracts. Since IC constraints of
all other types or any IC constraints for 7,7 into different actions and con-
tracts have to be satisfied anyway, the principal can offer only one of contracts
1, 7 without violating IC constraints. In any optimal menu of contracts, the

principal can choose the contract that maximizes Ely — w(y)|a]. O

Proof of Proposition [} is necessary for incentive compatibility and is equiv-
alent to

/ (u(wi(y)) — u(w;(y)))dF; > 0, Vi, j
which implies that
/ (u(wi(y)) — uw; (y)))dF; > 0, Vi, j
/ (u(w; () — ulwi(y)))dF; > 0, Vi, j
= / (u(wi(y)) — u(w; (1)) dF; > 0> / (u(wi(y)) — u(w; ()))dF;

= [wwv) = ) @F - a) > 0

Proof of Proposition [5, requires

c(a(6:)|0;) — c(a(0;)10;) = c(a(8:)]6:) — c(a(0;)]0:) Vi, j.
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If a(d;) = a1, a(f;) = az, then we need
c(a110;) — c(az|6;) = c(ar|6;) — c(az0;) Vi, j.

Together with assumption [T, we must have j > i. Therefore, in any incentive-
compatible menu of contracts, types are partitioned into two by the one-
dimensional ordering in assumption [} From proposition [3] any type with the

same cost difference as the cutoff type is incentivized for the same action. [J

Proof of Proposition[fl Propositions [I] and [5] imply that it is without loss of

generality to offer one or two contracts in any optimal menu of contracts. [J

Proof of Proposition[]. When there are at least three types, there exist two
types incentivized for the same contract and action. Suppose types ¢, 7 take
contract wy(y) and action a;. The ex-ante utility of type i is E[u(w;(y))|a1] —
c(a1]6;) # Elu(wi(y))|a1] — c¢(a1]0;). Since the IR constraints for both types
have to be satisfied, at least one of the two has to get strictly positive rent.
If they take contract we(y) and action ay, the ex-ante utility of type i is
Elu(wz(y))|az] — c(az|b;) # Elu(wa(y))|az] — c(az|f;). Since the IR constraints
for both types have to be satisfied, at least one of the two has to get strictly
positive rent. Therefore, the principal can never extract full surplus, and this

doesn’t depend on risk preferences of the agent or limited liability. ]

Proof of Proposition[8 This is already derived in the main body of the text
but replicated here for completeness.
In the third step of the three-step procedure, if we fix uq, us in addition to

k, the optimization problem is

min Y mB [y (y)|aa] + Y mE[da(y)|as)

i<k i>k
s.t. up > Elu(wa(y))|aq]
uz 2 Elu(wi(y))]as]

[ utaw)ar = u
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/ w(a(y))dFs = us.

With a slight abuse of notation, let u;(y) = u(w;(y)), v~ =h, pp = > i<k Ty

then we have

winps [ hus@)AF: + (1= ) [ hlus(w)dF
st [0~ R 20> [ ul) - wr

/ul(y)dFl =

/u2(y)dF2 = Uy

In the Lagrangian, the first-order conditions for u(y), us(y) are

Ouy (y) : pkmfl(y) = Mfi(y) — Xafay) — m fi(y)

() + (1 = Pi) s o) = =M fi(0) + Dafoy) = pa o)

)\17 )\27/*617“2 2 0

Since we have full support, the first-order conditions can be rewritten as

B
T ) N T )
Dua(y) - i:_)\lfl(y) Ao — i

w'(w2(y)) f2(y)
>\17 )\27 M1, 2 Z O

If [ui(y) — ua(y)dFy > 0 then Ay = 0, and if 0 > [ ui(y) — u2(y)dFs,
then Ay = 0. Since u is increasing and py € (0, 1), if A; = 0, then the right-
hand side of the first condition is weakly negative while the left-hand side
is strictly positive which is a contradiction. Likewise, if A\ = 0, then the
left-hand side of the second condition is strictly positive while the right-hand
side is weakly negative. We must have [u(y) — ua(y)dFy = 0 = [u(y) —
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uz(y)dF,. This implies that all contracts provide exactly the same expected
utility from payments for the given action, and binds in any optimal menu

of contracts. O
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